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3Kurzfassung. Eine Vermutung von Manin sagt die Verteilung ratio-
naler Punkte auf Fano-Varieta¨ten u¨ber Zahlko¨rpern vorher. Fu¨r manche
Varieta¨ten kann sie, nach einer Parametrisierung der Menge der ra-
tionalen Punkte durch ganze Punkte auf affinen Ra¨umen, durch das
Za¨hlen von Gitterpunkt verifiziert werden. Wenn die Parametrisierung
die Verbindung zwischen Cox-Ringen und universellen Torsoren verwen-
det, ist dieser Ansatz als Methode universeller Torsore bekannt.
In dieser Dissertation wird der Parametrisierungsschritt durch eine
Konstruktion ganzer Modelle von Torsoren mit Hilfe von endlich erzeug-
ten Cox-Ringen und durch eine explizite Beschreibung ihrer Mengen
von ganzen Punkten pra¨zisiert. Diese Ergebnisse werden dann auf die
Parametrisierung der rationalen Punkte auf zerfallenden glatten del-
Pezzo-Fla¨chen von Grad 4 und auf einer zerfallenden singula¨ren del-
Pezzo-Fla¨che von Grad 4 angewendet. Sie werden auch verwendet, um
Manins Vermutung fu¨r zerfallende glatte eigentliche torische Varieta¨ten
u¨ber imagina¨r-quadratischen Ko¨rpern herzuleiten.
Um die Methode universeller Torsore auf nicht-zerfallende Varieta¨-
ten zu u¨bertragen, fu¨hren wir verallgemeinerte Cox-Ringe und Cox-
Garben ein und untersuchen ihre Eigenschaften und ihr Verha¨ltnis zu
Torsoren unter Quasitori. Um die Anwendung auf Manins Vermutung
zu illustrieren, berechnen wir gewisse verallgemeinerte Cox-Ringe von
Chaˆtelet-Fla¨chen.
Abstract. The distribution of rational points on Fano varieties over
number fields is predicted by Manin’s conjecture. For some varieties this
can be verified via lattice point counting after a parameterization of the
set of rational points via integral points on affine spaces. When the
parameterization uses the connection between Cox rings and universal
torsors, this approach is known as universal torsor method.
In this thesis the parameterization step is made precise by giving
a construction of integral models of torsors via finitely generated Cox
rings and by describing explicitely their sets of integral points. These
results are then applied to parameterize the rational points on split
smooth quartic del Pezzo surfaces and on a split singular quartic del
Pezzo surface. They are also used to deduce Manin’s conjecture for
split smooth proper toric varieties over imaginary quadratic fields.
To adapt the universal torsor method to non-split varieties we intro-
duce the notion of generalized Cox rings and Cox sheaves, and we study
their properties and the relation to torsors under quasitori. To illustrate
the application to Manin’s conjecture, we compute certain generalized
Cox rings of Chaˆtelet surfaces.
Schlagworte: Cox ringe, rationale Punkte, Zahlko¨rpern
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Introduction
The study of rational solutions of polynomial equations is a classical
topic in number theory that dates back to the work of Diophantus of Alexan-
dria in the third century. Since algebraic varieties are defined by systems of
polynomial equations and the solutions of the equations defining a variety
are its rational points, the task of solving diophantine equations translates
into the problem of determining the set of rational points of certain vari-
eties, or more generally schemes, in the language of algebraic geometry. The
first natural question to ask about the set of rational points of a variety is
whether it is nonempty. From the well known fact that the conic defined by
the equation
x2 + y2 + z2 = 0
has no rational points overQ, but becomes isomorphic to P1 after a quadratic
extension, it is clear that the behavior depends on the choice of the base
field. If rational points exist, one may ask how many there are and how
they are distributed. This last question is particularly interesting if the set
of rational points is dense in the variety with respect to the Zariski topology,
which is the case considered in this thesis.
In 1979 Schanuel [Sch79] proved that over number fields the number of
rational points on Pn with Weil height at most B grows, asymptotically with
B, as CBn+1, where C is a constant depending only on n and on the base
field. Inspired by Schanuel’s result and by some numerical data about the
distribution ofQ-rational points on a smooth cubic surface, Manin [FMT89,
BM90] conjectured the following asymptotic formula for the number of
rational points of anticanonical height at most B on suitable open subsets
of Fano varieties with Zariski dense set of rational points over a number
field:
CB(logB)r−1, (0.1)
where r is the Picard rank of the variety and C is a positive constant de-
pending on the geometry of the variety and on the base field. The reason
for considering open subsets instead of the whole variety is that on some
subvarieties, called accumulating, the number of rational points of bounded
height grows faster than on their complement. For example, the 27 lines on
a split smooth cubic surface are accumulating subvarieties [FMT89]. How-
ever, there are varieties for which the accumulating subvareties are Zariski
dense (e.g. [BT96]). On the other hand, the asymptotic formula (0.1) holds
also for a number of quasi-Fano varieties that are not Fano (e.g. [BBD07]).
Hence, a comprehensive formulation of the conjecture remains to be found.
See [Rud14] for a generalization of the conjecture that takes into account
the case of Zariski dense accumulating subvarieties, and [Pey95, Pey03] for
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a generalization that considers quasi-Fano varieties and includes a precise
interpretation of the constant C as the product of a geometric invariant and
a Tamagawa number.
Manin’s conjecture has been attacked with various techniques. The
study of the zeta function attached to the height function via harmonic
analysis on adelic points has been successful for certain smooth compacti-
fications of algebraic groups over arbitrary number fields (e.g. [BT98] for
tori and [CLT02] for additive groups). An application of the circle method
introduced by Birch [Bir62], and extended by [Ski97] and others, verifies
the conjecture for some complete intersections where the dimension of the
variety is large with respect to the degree. A third approach, which was
developed for some (weak) del Pezzo surfaces to which the aforementioned
methods do not apply (e.g. [Bre02, BBD07]), consists of parameterizing
the set of rational points via integral points on higher dimensional affine
spaces, and then counting integral points, which are lattice points, on cer-
tain subsets of such affine spaces. Since the parameterizations are usually
induced by a universal torsor, this approach is called the universal torsor
method. Universal torsors have been introduced and studied by Colliot-
The´le`ne and Sansuc [CTS76] as special torsors under quasitori (or groups
of multiplicative type) to investigate the existence of rational points on geo-
metrically rational varieties. They used torsors as descent varieties because
a torsor Y over a variety X under an algebraic group G gives a partition of
the set of rational points of X in terms of images of the points on its twists
cpi : cY → X:
X(k) =
⊔
c∈H1fppf(k,G)
cpi(cY (k)).
This holds in particular for universal torsors, and it remains true if we
replace the number field k by its ring of integers (see Proposition 1.4 for a
general version). For example, the universal torsor of the projective space
Pn is An+1 r {0} and the induced parameterization by integral points is
Pn(k) =
⊔
c
{(x0 : · · · : xn) : x1, . . . , xn ∈ Ok, (x1, . . . , xn) = c},
where the disjoint union is over a set of integral representatives c for the
ideal class group of the ring of integers Ok of the number field k, which is
isomorphic to the group H1fppf(k,Gm). The work of Schanuel for projective
spaces uses this parameterization and is a fundamental example of proof via
the universal torsor method.
Besides his work, until recently the proofs that can be considered un-
der this approach concerned varieties defined over Q. The universal torsor
method in this case is easier because Q has class number 1 and Z has finite
unit group: {±1}. Hence, instead of counting rational points of bounded
height on a variety one typically counts Z-points on the universal torsor and
then divides the result by 2r, where r is the Picard rank. Moreover, so far
universal torsor parameterizations are used mostly for split varieties, that is,
with trivial Galois action on the geometric Picard group. In this situation
two natural questions arise:
1. what is the universal torsor method over arbitrary number fields?
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2. what is the right approach to non-split varieties?
In an attempt to answer them, the first task of this thesis is to generalize
the universal torsor method to arbitrary number fields, at least the param-
eterization part.
The parameterization of the projective spaces presented above works
because Pn(Ok) = Pn(k), because the natural morphism An+1 r {0} → Pn
is a torsor also over Ok, and because An+1 r {0} is embedded into an affine
space. For a general variety X, analogous requirements are the following: X
has a proper Ok-modelX , so thatX (Ok) = X(k), and there is anX -torsor
Y under Grm,Ok with an embedding as locally closed subset of an affine space
ANOk . In this setting, which is typical for split projective varieties with free
finitely generated Picard group and finitely generated Cox ring (cf. Section
3.1), we compute the twisted torsors cY as locally closed subsets of twisted
affine spaces and we obtain the following explicit description of their sets of
integral points as lattice points (cf. Theorem 1.10)
cY (Ok) = {y ∈
N⊕
i=1
cm
(i)
:
t∑
i=1
fi(y)c
− deg fi = Ok, gj(y) = 0, 1 ≤ j ≤ s},
where cm
(i)
are fractional ideals of Ok depending on c and on the action of
the group Grm,Ok on the torsor Y , and gj and fi are the polynomials defining
the closure of Y and of its complement, respectively, in ANOk . In particular,
to employ this result there is no need of computing the twists of Y .
We face then the problem of finding X and Y that satisfy the require-
ments above. Salberger, who introduced the universal torsor method in
[Sal98] to prove Manin’s conjecture for smooth proper split toric varieties
over Q, used a parameterization via integral points on universal torsors of
the natural Z-models of toric varieties that are the Z-toric schemes defined
by the same fan. To compute the universal torsors he employed Cox’s char-
acterization of toric varieties as GIT quotients of certain open subsets of
affine spaces that correspond to the homogeneous coordinate rings, today
known as Cox rings, of the toric varieties [Cox95]. The realization of the
universal torsor of a variety as an open subset of the spectrum of its Cox
ring, if the latter is finitely generated, is a well known result over alge-
braically closed fields thanks to the work of Hassett [Has09] and others
[ADHL15]. Moreover, Cox rings for many quasi-Fano varieties, in par-
ticular surfaces, have been computed by Batyrev, Popov [BP04], Hassett,
Tschinkel [HT04], Hausen, Keicher and Laface [HKL14], among others.
Except for some varieties for which the universal torsors were known or
computed (e.g. [Bre02, BBS14]), the parameterizations used to verify spe-
cial cases of Manin’s conjecture were obtained by ad hoc manipulations of
coordinates that, at least for split varieties, were usually inspired by the
descriptions of the Cox rings in terms of generators and relations.
In Chapter 3 we show how to use such descriptions of finitely generated
Cox rings over an algebraically closed field to produce integral models Y →
X of universal torsors of certain split varieties as locally closed subsets
of affine spaces by exhibiting the defining polynomial equations. We also
give conditions under which the obtained model Y is a torsor and X has
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certain properties, like being smooth or projective. In Section 4.2 we apply
this procedure to compute integral models of universal torsors of smooth
split del Pezzo surfaces of degree four, that is, blowing-ups of P2 in five
points
(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1), (a : b : c),
in general position. The second application that we present concerns the
singular del Pezzo surface of degree 4 with singularity type A3 + A1 given
in P4 by
x0x3 − x2x4 = x0x1 + x1x3 + x22 = 0.
In this case, we compute an integral model of the universal torsor of the
minimal desingularization X of the surface using the description of the Cox
ring provided in [Der14], we prove that the model is a universal torsor in
the sense of [Sal98] (cf. Proposition 5.2), and we produce an explicit pa-
rameterization of the set of rational points via lattice points (cf. Proposition
5.3), which agrees with the heuristic prediction in [DF14a]. In joint work
with Frei [FP14] this parameterization is then used to prove Manin’s con-
jecture for X over arbitrary number fields via refined lattice point counting
techniques.
A third application of the universal torsor method is presented in Chap-
ter 6. Here we consider the same family of toric varieties of [Sal98], and
we extend Salberger’s proof to imaginary quadratic fields. Toric varieties
are a classical topic in the literature about Manin’s conjecture. We recall
that Schanuel’s asymptotic formula for projective spaces [Sch79] inspired
Manin’s conjecture. Moreover, smooth projective toric varieties constituted
an important example worked out via harmonic analysis on adelic points
over arbitrary number fields [BT98] and over global fields of positive char-
acteristic [Bou11], as well as via the universal torsor method over Q [Sal98].
Recently, a certain singular toric cubic surface was picked to investigate the
universal torsor method over number fields beyond Q in [DJ13, Fre13].
Therefore, they represent a natural choice to illustrate how the results of
Chapters 1 and 3 apply to a family of varieties. We restrict to imaginary
quadratic fields, because a generalization of the the proofs in [Sch79, Fre13]
does not seem straightforward.
Regarding the second of the two questions we asked above, we observe
that some proofs of Manin’s conjecture for non-split varieties make use of pa-
rameterizations induced by intermediate torsors. See, for example, [BB07]
for a singular del Pezzo surface of degree 4, and [BBP12] for the family of
Chaˆtelet surfaces
x2 + y2 =
4∏
j=1
lj(u, v), (0.2)
where l1, . . . , l4 are pairwise non-proportional linear polynomials. In the first
paper the parameterization is obtained by ad hoc computations unrelated to
the equations defining the Cox ring, and it is vaguely attributed to a torsor
that is not universal. In the second one, the universal torsors are explicitly
computed as well as the intermediate torsors. In both cases, with the results
of Section 2.4 it is possible to prove that the intermediate torsors are torsors
under quasitori whose type is the natural injection of the Picard group of
INTRODUCTION 13
the variety into its geometric Picard group: quasi-universal torsors, in the
terminology of [CTS87]. We do it explicitly for the Chaˆtelet surfaces (0.2).
Since the parameterizations via lattice points on the universal torsors
are computed using the natural embeddings into the spectra of the Cox
rings, we are prompted to investigate whether a similar property holds for
more general torsors under quasitori. We do it by introducing the notion of
generalized Cox rings in Chapter 2. The Cox ring of a variety X over an
algebraically closed field k is a Pic(X)- or Cl(X)-graded k-algebra which is
isomorphic, as k-vector space, to the direct sum⊕
D
H0(X,OX(D)) (0.3)
over a system of representatives D for Pic(X) (respectively, Cl(X)). If
Pic(X) (respectivley, Cl(X)) is free, the Cox ring can be defined directly
as a direct sum using a basis of the grading group [HK00, EKW04]. In
general, the definition of a multiplication on (0.3) turning the direct sum
into a graded ring is not obvious. This is done in [BH03] for Pic(X)-graded
Cox rings and in [Hau08] for Cl(X)-graded Cox rings by introducing Cox
sheaves, which are certain graded sheaves of OX -algebras isomorphic, as
OX -modules, to the direct sum
⊕
DOX(D) analogous to (0.3). Cox rings
are then the rings of global sections of Cox sheaves, and Cox sheaves are
essentially the structure sheaves of the universal torsors. We find a similar
connection between generalized Cox rings and torsors under quasitori.
We first consider varieties over separably closed fields. We define the
generalized Cox sheaves and rings from an axiomatic point of view, gener-
alizing the axiomatic approach to Cox rings of [DP14]. The definition over
arbitrary fields is then provided by Galois descent, once we specify what
is a natural Galois action on a generalized Cox sheaf, or ring, of the base
extension Xk of the variety X under the inclusion of the base field k in a
separable closure k. To each generalized Cox sheaf, or ring, is attached a
homomorphism of Gal(k/k)-modules λ : M → Pic(Xk) which is the type of
the associated torsor under the following correspondence (cf. Corollary 2.40
and Corollary 2.46).
Theorem 0.1. Let λ : M → Pic(Xk) be a morphism of Gal(k/k)-
modules. The contravariant functor{
Cox sheaves of X of type λ
} −→ {X-torsors of type λ}
R 7−→ SpecX R
is an anti-equivalence of categories. If the image of λ is generated by effective
divisor classes, then the covariant functor{
Cox sheaves of X of type λ
} −→ {Cox rings of X of type λ}
R 7−→ R(X)
induces a bijection between the set of isomorphism classes of Cox sheaves of
X of type λ and the set of isomorphism classes of Cox rings of X of type λ.
After investigating the existence of generalized Cox sheaves and rings
and their functoriality properties, we devote the last section of Chapter
2 to generalized Cox rings that are finitely generated as k-algebras. In
14 INTRODUCTION
particular, we prove that the torsor corresponding to a finitely generated
generalized Cox ring R can be realized as an open subset of SpecR, under
conditions analogous to the ones in [BH03], and that such an embedding is
computable in terms of polynomial equations. As an application we compute
some Cox rings of identity and injective type over nonclosed fields for the
family of Chaˆtelet surfaces (0.2). In Chapter 3 we actually show how to
produce integral models of torsors associated with certain finitely generated
generalized Cox rings of projective varieties, not necessarily of identity type.
Standard notation
Throughout this thesis, we denote by k a field, by k a separable closure
of k and by g the absolute Galois group Gal(k/k). If A is a ring, we write
H1(A, ·) for the cohomology group H1(SpecA, ·). Over a field we identify
e´tale cohomology with Galois cohomology.
A k-variety is a separated scheme of finite type over k. The structure
sheaf of a k-variety X is denoted by OX , and we write k[X] for its ring of
global sections H0(X,OX). The set of sections of an X-sheaf L over an
open subset U of X are denoted by L (U) or by H0(U,L ).
If A → A′ is a homomorphism of rings and X is a scheme over A, we
denote by XA′ the base extension X ×SpecA SpecA′.
If k is a number field, we denote by Ok its ring of integers, and by
Ωf , Ω∞ and Ωk the sets of finite places, infinite places and all places of k,
respectively. For every place ν ∈ Ωk, we denote by kν the completion of k
at the place ν. For every ν ∈ Ωf , if p is the prime ideal of Ok corresponding
to ν, we denote by Fp = Fν = Ok/p the residue field of kν .
If k′/k is an algebraic extension, we denote by Nk′/k the associated norm,
while N denotes the absolute norm of a fractional ideal. If a ∈ k, we write
N(a) for the norm of the principal ideal aOk.
For every place ν ∈ Ωk, we denote by | · |ν the absolute value of kν
normalized as follows: if ν˜ is the place of Q below ν and Qν˜ is the completion
of Q at ν˜, then | · |ν := |Nkν/Qν˜ (·)|ν˜ , where | · |ν˜ is the usual real or p-adic
absolute value on Qν˜ . We use the symbol | · | for the real absolute value,
and we write #S for the cardinality of a set S.
Part 1
Torsors and generalized Cox rings

CHAPTER 1
Torsor parameterizations
This chapter gives an account of the parameterization properties of tor-
sors, with special emphasis on torsors under Grm over schemes defined over
Dedekind domains. The parameterization properties of torsors over varieties
under algebraic groups have been studied in [CTS87] and [Sko01]. Here,
we consider more general base schemes. Proposition 1.4 and the content of
Section 1.2 are part of [FP14, §2].
1.1. Torsors
We start by recalling the definition and some basic properties of torsors.
We refer to [Mil80, §III.4] and [Sko01, §2.2] for a more detailed discussion.
Definition 1.1. Let X be a scheme. A left (right) sheaf of torsors over
X under a sheaf of groups G over X is an fppf-sheaf of sets Y over X with
an action of G such that there exists an fppf-covering (Ui → X) such that
Y|Ui with the action of G|Ui is isomorphic to G|Ui with the left (respectively,
right) action of G|Ui on itself for all i.
If G and Y are representable by X-schemes G and Y , respectively, we
say that Y is a torsor over X (or X-torsor) under G. In this case, Definition
1.1 is equivalent to the following characterization.
Definition 1.2. Let X be a scheme. A left (right) X-torsor under an X-
group scheme G is an X-scheme Y endowed with a left (respectively, right)
action of G compatible with the projections to X such that the structure
morphism Y → X is fppf and the map G ×X Y → Y ×X Y given by
(g, y) 7→ (g ∗ y, y) is an isomorphism.
If X is a Z-scheme for a given scheme Z, G is any Z-group scheme and
Y is an X-torsor under GX := G×Z X, we say that Y is an X-torsor under
G.
In this thesis we consider only torsors under commutative groups. From
now on G denotes a commutative X- or Z-group scheme. For us, a mor-
phism of torsors is always a morphism of schemes that preserves the torsor
structures.
Isomorphism classes of torsors under commutative groups are classified
by fppf cohomology as follows. See [Mil80, Proposition III.4.6] and [Sko01,
§2.2].
Proposition 1.3. Let X be a scheme. The set of isomorphism classes of
sheaves of X-torsors under a sheaf of abelian groups G over X is in bijection
with the group H1fppf (X,G).
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If G is representable by an X-scheme G we write H1fppf (X,G) instead of
H1fppf (X,G). We recall that if G is smooth, fppf cohomology can be replaced
by e´tale cohomology (cf. [BLR90, p. 152]).
Given a torsor Y over X under G, its class [Y ] in H1fppf (X,G) can be
computed as follows. Let (Ui → X) be an fppf-covering that trivializes
Y , and denote by βi : Y ×X Ui → G ×X Ui the local isomorphisms. The
cocycle (βi,j)i,j determined by the induced automorphisms βj ◦β−1i of G×X
Ui×X Uj represents the class [Y ] in H1fppf (X,G). Moreover, Y is isomorphic
to the torsor obtained by glueing G ×X Ui over any cocycle representing
[Y ]. We recall that glueing over an fppf covering does not always result in
a scheme, as not every fppf-sheaf of algebras over X is representable by a
scheme. See [BLR90, §6] for representability, and [Mil80, Theorem III.4.3]
for representability of torsors.
We now introduce the notion of twisting X-torsors under G by elements
in the cohomology group H1fppf (X,G). Let Y be a torsor over X under G
and α ∈ H1fppf (X,G). Let (Ui → X) be an fppf-covering that trivializes both
Y and α, and let αi,j , βi,j be automorphisms of G×X Ui ×X Uj that define
cocycles representing α and [Y ] respectively. Let α˜ := (αi,j)i,j . We denote
by α˜Y the sheaf of X-torsors under G obtained by glueing G×X Ui over the
cocycle (αj,i ◦ βi,j)i,j . It is called the twist of Y by α˜, and has class [Y ]− α
in H1fppf (X,G). If α˜Y is representable, we denote by α˜Y the corresponding
torsor. For a definition of twisted torsors when G is not commutative, see
[Sko01, p. 20]
We recall that an X-torsor Y under G is trivial (namely, isomorphic to
the X-group G) exactly when Y → X has a section. Therefore, if X is a
Z-scheme, G a Z-group scheme and pi : Y → X a torsor under G, the fibers
of pi at Z-points of X are Z-torsors under G, and they contain a Z-point if
and only if they are isomorphic to G. Although the morphism pi is surjective
by definition, it is not necessarily surjective at the level of Z-rational points,
but the family of twists of Y by elements of H1(Z,G) ⊆ H1(X,G) induce
a partition on the set of Z-rational points of X as proven in the following
proposition. This result is well known if Z is the spectrum of a field k, X
is a k-variety and G an algebraic group. See [CTS87, (2.7.2)] and [Sko01,
p. 22]. The proof given in [Sko01, p. 22] works also with Spec k replaced
by an arbitrary base scheme Z. We include it here for completeness.
Proposition 1.4. Let Z be a scheme, G an abelian group scheme over
Z, X a Z-scheme, and pi : Y → X a torsor under GX := G×Z X. Assume
that the twisted torsors WY exist for all Z-torsors W under G (this is the
case, for example, if G is affine over Z). Then
X(Z) =
⊔
[W ]∈H1fppf (Z,G)
Wpi((WY )(Z)),
where
⊔
[W ]∈H1fppf (Z,G) is a disjoint union running through a system of rep-
resentatives for the classes in H1fppf (Z,G) and Wpi : WY → X is a twist of
Y by [W ] ∈ H1fppf (Z,G).
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Proof. If X(Z) = ∅ then Y (Z) = ∅ for all X-torsors Y under G. Hence,
we can assume that X(Z) 6= ∅. Let W := Y ×X Z be the fiber of pi at a Z-
point x : Z → X. Then W is a Z-torsor under G, because fppf -morphisms
are stable under base extension and the following diagram is commutative
G×Z W W ×Z W
(GX ×X Y )×X Z (Y ×X Y )×X Z.
(g, w) 7→ (g ∗ w,w)
∼=
∼=
(g, y, z) 7→ (g ∗ y, y, z)
∼=
The fiber (WY )×XZ of Wpi at the point x has a Z-rational point if and only
if it admits a section, which is equivalent to the requirement that (WY )×X
Z ∼= G. But twisting commutes with base change, thus (WY ) ×X Z ∼=
W (Y ×X Z) = WW is a trivial torsor by [Sko01, p. 21].
If x′ : Z → X is another Z-point of X, then the fiber (WY )×X Z of Wpi
at the point x′ has a Z-point if and only if W ∼= Y ×X Z, where the fibered
product on the right is induced by x′. 
1.2. Twisted torsors over Dedekind domains
We are going to describe the disjoint union of Proposition 1.4 in the
special case where Z is the spectrum of a Dedekind domain A and Y is a
locally closed subset of an affine space. In this case, the set of A-points on
the twisted torsors can be expressed in terms of the polynomial equations
defining Y and of ideals of A, without computing the twists explicitly.
In order to determine their sets of A-rational points, the twisted torsors
will be given as open subschemes of closed subschemes of certain A-vector
bundles that we call twisted affine spaces. Hence, we start with a definition
of those.
Definition 1.5. Let A be a Dedekind domain with fraction field k, and
assume that we are given a Zr-grading on k[y1, . . . , yN ] defined by deg yi =
m(i) ∈ Zr. For any r-tuple c = (c1, . . . , cr) of nonzero fractional ideals of A,
we define the c-twisted affine space over A as the spectrum cAN := Spec(cR)
of the Zr-graded ring
cR :=
⊕
m∈Zr
c−mRm ⊆ k[y1, . . . , yN ],
where c−m := c−m11 · · · c−mrr if m = (m1, . . . ,mr), and Rm is the degree-m-
part of A[y1, . . . , yN ].
The twisted affine spaces defined above depend, of course, not only on N
and c, but also on the chosen Zr-grading. Here are some simple properties.
Proposition 1.6. The c-twisted affine space over A defined above has
the following properties.
(i) There is a canonical isomorphism cAN ×SpecA Spec k ∼= ANk .
(ii) Let U = Spec(AU ) be an affine open subset of Spec(A) such that
the fractional ideals c1AU , . . . , crAU of AU are principal. Then
cAN ×Spec(A) U ∼= ANA ×Spec(A) U.
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(iii) Via base extension and the canonical isomorphism from (i), we
have
cAN (A) = {(y1, . . . , yN ) ∈ kN | yi ∈ cm(i) for all 1 ≤ i ≤ N}.
(iv) The twisted affine space cAN depends, up to isomorphism, only on
the ideal classes of c1,. . . ,cr.
Proof. The observation that cR ⊗A k ∼= k[y1, . . . , yN ] implies (i). For
j ∈ {1, . . . , r}, let cj be a generator of cjAU and, with m ∈ Zr, write cm :=
cm11 · · · cmrr . Then cR⊗AAU ∼= AU [c−m
(1)
y1, . . . , c
−m(N)yN ] ∼= AU [y1, . . . , yN ],
which implies (ii). For (iii), we observe that every A-homomorphism ϕ :
cR→ A extends uniquely to a k-homomorphism ϕ : k[y1, . . . , yN ]→ k. The
k-homomorphisms coming from such A-homomorphisms are exactly those
with ϕ(cR) ⊆ A, that is, ϕ(yi) ∈ cm(i) for all i ∈ {1, . . . , N}. To prove
(iv), let b = (b1, . . . , br) ∈ (k×)r and c′j := bjcj for j ∈ {1, . . . , r}. Then
the k-automorphism of k[y1, . . . , yN ] mapping yi 7→ b−m(i)yi induces an A-
isomorphism between cR and c′R. 
Next, we define twists of open subschemes of closed subschemes of ANA
as certain subschemes of twisted affine spaces.
Definition 1.7. With the hypotheses of Definition 1.5, let I1, I2 be Zr-
homogeneous ideals of A[y1, . . . , yN ], and let Y be the subscheme of ANA
defined by Y := V (I1)rV (I2). With Ij,m denoting the degree-m-part of Ij ,
we define the ideals
cIj :=
⊕
m∈Zr
c−mIj,m ⊆ cR.
The twist of Y by c is the subscheme of cAN defined by
cY := V (cI1)r V (cI2).
Proposition 1.8. The twist of Y by c defined above has the following
properties.
(i) The canonical isomorphism from Proposition 1.6, (i), induces an
isomorphism cY ×SpecA Spec k ∼= YK .
(ii) Let U = Spec(AU ) be an affine open subset of Spec(A) such that
the fractional ideals c1AU , . . . , crAU of AU are principal. Then
cY ×Spec(A) U ∼= Y ×Spec(A) U.
(iii) Via base extension and the canonical isomorphism from (i), the set
of A-points cY (A) is the subset of all y = (y1, . . . , yN ) ∈ kN with
ai ∈ cm(i) for all i ∈ {1, . . . , N}, such that∑
m∈Zr
∑
f∈I2,m
f(y)c−m = A (1.1)
and
g(y) = 0 for all g ∈ I1. (1.2)
(iv) cY depends, up to isomorphism, only on the ideal classes of c1, . . . , cr.
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Proof. Since the inclusion A → k is flat and cI1 ⊗A k ∼= I1 ⊗A k
under the canonical isomorphism cR ⊗A k ∼= k[y1, . . . , yN ], we see that
V (cI1)×SpecA Spec k ∼= V (I1)×SpecA Spec k. Let I2 be generated by homo-
geneous polynomials f1, . . . , ft ∈ A[y1, . . . , yN ], and for every i ∈ {1, . . . , t},
let bi,1, . . . , bi,ti be generators of the fractional ideal c
− deg fi . Then cI2 is gen-
erated in cR by the elements bi,jfi, and cY is covered by affine open subsets
Spec((cR/cI1)bi,jfi). Moreover,
(cR/cI1)bi,jfi ⊗A k ∼= (A[y1, . . . , yN ]/I1)fi ⊗A k
for every i ∈ {1, . . . , t} and j ∈ {1, . . . , ti}, which shows (i).
For j ∈ {1, . . . , r}, let cj be a generator of cjAU and, with m ∈ Zr, write
cm := cm11 · · · cmrr . Let ϕc : AU [y1, . . . , yN ]→ AU [c−m
(1)
y1, . . . , c
−m(N)yN ] be
the isomorphism that sends yi 7→ c−m(i)yi. For every homogeneous f ∈ I2
we obtain
(A[y1, . . . , yN ]/I1)f ⊗A AU ∼= (AU [y1, . . . , yN ]/(I1 ⊗A AU ))f
∼= (ϕc(AU [y1, . . . , yN ])/ϕc(I1 ⊗A AU ))ϕc(f)
∼= ((cR⊗A AU )/(cI1 ⊗A AU ))c− deg ff .
This proves (ii), since f ∈ I2 ⊗A AU is equivalent to c− deg ff ∈ cI2 ⊗A AU .
For (iii), we first consider V (cI1)(A). Via the identification in Proposition
1.6, (iii), these points correspond to k-homomorphisms ϕ : k[y1, . . . , yN ]→ k
with ϕ(yi) ∈ cm(i) whose kernel contains the homogeneous ideal cI1 ⊗A k =
I1 ⊗A k, that is, to points y ∈ kN with yi ∈ cm(i) and satisfying (1.2).
Next, let us consider (cAN r V (cI2))(A). These points correspond to
A-homomorphisms ϕ : cR → A such that cI2 6⊆ ϕ−1(p) for all prime ideals
p of A. That is, ϕ(cI2)A = A. Keeping in mind that cI2 is generated by its
homogeneous elements and using the description of cAN (A) from Proposition
1.6, (iii), we see that (cAN rV (cI2))(A) corresponds to the set of all y ∈ kN
with yi ∈ cm(i) and satisfying (1.1).
To prove (iv), let b = (b1, . . . , br) ∈ (k×)r and c′j := bjcj for j ∈
{1, . . . , r}. Then the k-automorphism of k[y1, . . . , yN ] mapping yi 7→ b−m(i)yi
induces an A-isomorphism between cR and c′R which maps cIj isomorphi-
cally onto c′Ij , for j ∈ {1, 2}. 
Now we can focus on the case where Y is a torsor over an A-scheme X.
Throughout the rest of this section, we assume the following setup.
Let A be a Dedekind domain with fraction field k, and let there be a
Zr-grading on k[y1, . . . , yN ] defined by deg yi = m(i) ∈ Zr.
Let X be a separated scheme of finite type over A that admits an X-
torsor pi : Y → X under a split torus Grm,X . We assume that there are
Zr-homogeneous polynomials f1, . . . , ft, g1, . . . , gs ∈ A[y1, . . . , yN ] such that
Y = V (g1, . . . , gs)rV (f1, . . . , ft) as subscheme of ANA . Moreover, we assume
that the action of Grm,X on Y is induced by the following action on points:
(s1, . . . , sr) ∗ (y1, . . . , yN ) = (sm(1)y1, . . . , sm(N)yN )
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for all s = (s1, . . . , sr) ∈ Grm,A(A) and (y1, . . . , yN ) ∈ Y (A), where we write
sm := sm11 · · · smrr for m = (m1, . . . ,mr) ∈ Zr. Under these assumptions, we
now define the twists of pi : Y → X.
Definition 1.9. Under the above hypotheses, let c = (c1, . . . , cr) be an
r-tuple of nonzero fractional ideals of A, and let cY be the twist of Y from
Definition 1.7. Then the c-twist of pi : Y → X is the morphism cpi : cY → X
obtained by glueing the following morphisms:
cpiU : cY ×Spec(A) U → X ×Spec(A) U,
where U runs through an open covering of Spec(A) by affine subschemes
U = Spec(AU ) such that c1AU , . . . , crAU are principal ideals of AU , and cpiU
is defined as composition of pi after the isomorphism φc : cY ×Spec(A) U →
Y ×Spec(A) U from Proposition 1.8, (ii), induced by the isomorphism
ϕc : AU [y1, . . . , yN ]→ AU [c−m(1)y1, . . . , c−m(N)yN ], yi 7→ c−m(i)yi,
where cj is a generator of cjAU for j ∈ {1, . . . , r}, and cm := cm11 · · · cmrr for
all m ∈ Zr. The definition of cpi does not depend on the choice of the open
subsets U nor on the choice of the generators c.
Now we are ready to state the main result of this section.
Theorem 1.10. The c twists cpi : cY → X defined above have the fol-
lowing properties.
(i) The morphism cpi : cY → X is a torsor over X under Grm,X of class
[Y ]− [c] ∈ H1e´t(X,Grm,X).
(ii) Let C be a system of representatives for the class group Pic(A) of
A. If X is proper over A then, under base extension, the set of
rational points on XK decomposes as a disjoint union
XK(k) =
⊔
c∈Cr
cpi(cY (A)).
(iii) As a subset of kN , the set cY (A) is equal to the set of all y ∈ kN
whose coordinates yi lie in the fractional ideals c
m(i), satisfying the
coprimality conditions expressed by
t∑
i=1
fi(y)c
− deg fi = A
and the torsor equations
gj(y) = 0 for all j ∈ {1, . . . , s}.
Proof. For every choice of affine open subsets U , U ′ of Spec(A) as in
Definition 1.9, and corresponding r-tuples c, c′ of generators for the prin-
cipal fractional ideals over U , resp. U ′, let ϕc,c′ : AU∩U ′ [y1, . . . , yN ] →
AU∩U ′ [y1, . . . , yN ] be the isomorphism induced by the automorphism of
k[y1, . . . , yN ] mapping yi 7→ c−m(i)c′m(i)yi, and φc,c′ the automorphism of
Y ×Spec(A) (U ∩ U ′) induced by ϕc,c′ . Then φc = φc,c′ ◦ φc′ on cY ×Spec(A)
(U ∩ U ′). We observe that φc,c′ are the automorphisms induced by the
Grm,X -action of the cocycle (c
−1
1 c
′
1, . . . , c
−1
r c
′
r)U ′,U that represents the class
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−[c] ∈ H1e´t(Spec(A),Grm,A). Thus pi ◦ φc,c′ = pi on Y ×Spec(A) (U ∩ U ′), as
pi : Y → X is a torsor under Grm,X , and the morphism cpi is well defined.
Since the automorphisms φc,c′ are Grm,X -equivariant, the X-scheme cY is
endowed with an action of Grm,X , and the morphism cpi is an X-torsor under
Grm,X of class [Y ]− [c] ∈ H1e´t(X,Grm,X), by construction.
We recall that two torsors with the same class in H1e´t(X,Grm,X) are X-
isomorphic, so the images of their structure morphisms coincide as subsets
of X. Moreover,
H1fppf (Spec(A),Grm,A) = H1e´t(Spec(A),Grm,A) ∼= Pic(A)r,
as e´tale cohomology commutes with direct sums (see [Mil80, Remark III.3.6
(d)]).
By the valuative criterion of properness, Xk(k) = X(A) under base
extension. Thus, property (ii) follows from Proposition 1.4.
Finally, (iii) was already proved in Proposition 1.8, (iii). 
A similar parameterization was found by Robbiani [Rob98] for smooth
projective split toric varieties over number fields, and by Bourqui [Bou09]
for varieties over global fields of positive characteristic.

CHAPTER 2
Generalized Cox rings
In this chapter we investigate the algebraic side of torsors under qua-
sitori for varieties over arbitrary fields by introducing a generalization of the
notions of Cox sheaf and Cox ring.
A Cox ring of a variety X over an algebraically closed field k is a Pic(X)-
or Cl(X)-graded (depending on the definition) k-algebra which is isomor-
phic to the direct sum of the sets of global sections of the sheaves OX(D)
associated with the divisor classes in the grading group.
Homogeneous coordinate rings, or Cox rings, were introduced by Cox for
toric varieties over C [Cox95] to study the analogies between toric varieties
and the projective space; then by Hu and Keel for projective varieties with
free finitely generated Picard group [HK00] to characterize Mori dream
spaces; by Elizondo, Kurano and Watanabe for connected normal noether-
ian schemes with free finitely generated class group [EKW04] to study cer-
tain linear systems of projective varieties obtained by blowing-up projective
spaces in finitely many points; by Berchtold and Hausen for varieties over
algebraically closed fields both as Pic(X)-graded [BH03] and Cl(X)-graded
rings [Hau08]. Recently, Cox rings for varieties over nonclosed fields were
considered in joint work with Derenthal [DP14] (see also [ADHL15, §6.1]).
The content of this chapter is a generalization of [DP14].
2.1. Torsors under quasitori
We start by recalling the classification of torsors under quasitori from
[CTS87], and we show that the structure sheaves of such torsors are equipped
with a natural grading by certain finitely generated Galois modules.
Let k be a field, fix a separable closure k of k, and let g be the Galois
group Gal(k/k). For us, a quasitorus over k is a smooth k-group of multi-
plicative type of finite type, namely, a reduced affine algebraic groupG over k
such that Gk := G×Spec k Spec k is diagonalizable. See [Gro64a, Gro64b]
for an exhaustive presentation of groups of multiplicative type and their
properties. We recall that there is an antiequivalence of categories between
quasitori over k and finitely generated g-modules with order of the torsion
subgroup not divisible by the characteristic of k given by
G 7→ Ĝk := Homk(Gk,Gm,k), M 7→ M̂g := Spec k[M ]g, (2.1)
where k[M ]g := H0(g, k[M ]) is the subring of g-invariant elements of k[M ].
See [Gro64a, Proposition 2.1] and [Gro64b, Proposition 1.4].
Now we review some basic properties of torsors under quasitori. We
refer to [CTS87] and [Sko01] for a detailed investigation. Let X be a
k-variety and G a quasitorus over k. We recall from page 14 that Xk :=
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X ×Spec k Spec k, GX := G ×Spec k X and GXk := GX ×Spec k Spec k, and
k[Xk] denotes the ring of global sectios of the structure sheaf of Xk.
According to [Sko01, Lemma 2.3.1] (cf. [CTS87, p. 408]), an X-torsor
Y under G defines a homomorphism of g-modules
type(Y ) : Ĝk → Pic(Xk),
as follows. Let (Ui → X) be an e´tale-covering of X that trivializes Y , and
(βi,j)i,j a cocycle representing [Y ] in H
1(X,GX). Let α ∈ Ĝk considered
as morphism GXk → Gm,Xk after base change. Under the identification
Pic(Xk) = H
1(Xk,Gm,Xk), the image of α under type(Y ) is the class of the
cocycle (α(βi,j))i,j . The homomorphism type(Y ) is called the type of Y . If
type(Y ) = idPic(Xk), then Y is called a universal torsor of X. See [CTS87,§2.1]
Let p : X → Spec k be the structure morphism of X, and assume that
k[Xk]
× = k×. By [CTS87, Theorem 1.5.1] (cf. [Sko01, Corollary 2.3.9]),
there is an exact sequence
0→ H1(k,G) p
∗
−→ H1(X,GX) type−→ Homg(Ĝk,Pic(Xk))→ H2(k,G), (2.2)
where the cohomology groups are computed with respect to the e´tale topol-
ogy, as G is smooth. In particular, if k is separably closed, the map type is
an isomorphism (cf. [Gro64b, Proposition 1.4]).
Remark 2.1. If X(k) 6= ∅, then the map type is surjective by [CTS77,
Proposition 1]. In particular, X-torsors of every type exist.
The following proposition characterizes the structure sheaf of a torsor
under a quasitorus, and offers an explanation for the study of the objects
investigated in this chapter.
Proposition 2.2. Let X be a k-variety, G a quasitorus over k and
pi : Y → X a torsor under G. Then pi∗OYk is a sheaf of Ĝk-graded OXk-
algebras.
Proof. Let λ ∈ Homg(Ĝk,Pic(Xk)) be the type of Y . For every m ∈
Ĝk, let L (m) be an invertible sheaf on Xk of class λ(m) in Pic(Xk).
Let m1, . . . ,mn be generators of Ĝk, and let {Ui}i be an open covering of
Xk that trivializes simultaneously L (m1), . . . ,L (mn). For every m ∈ Ĝk,
let (λi,j(m))i,j be a cocycle representing λ(m) ∈ Pic(Xk) = H1(Xk,Gm,X).
Then [Yk] ∈ H1(Xk, Gk) is the class of the cocycle (βi,j)i,j with
βi,j ∈ Gk(Ui ∩ Uj) ∼= Hom(Ĝk,OXk(Ui ∩ Uj))
defined by βi,j(m) := λi,j(m). (Recall that Gk
∼= Spec k[Ĝk] under the
bijection (2.1)). Thus, {Ui}i trivializes pi. Therefore,
pi∗OYk |Ui ∼= OUi [Ĝk]
for all i and these isomorphisms glue over the cocycle (βi,j)i,j to give an
isomorphism of OXk -modules
pi∗OYk ∼=
⊕
m∈Ĝk
L (m).
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This induces a Ĝk-grading on pi∗OYk . 
2.2. Over separably closed fields
Motivated by Proposition 2.2, we introduce generalized Cox sheaves and
Cox rings of varieties over separably closed fields. For the sake of brevity, we
say simply Cox sheaves or Cox rings of a given type. Then the Cox sheaves
and rings in the strict sense are called Cox sheaves and rings of identity
type.
We fix some notation for the rest of this section. Let k be a sepa-
rably closed field, and X an integral k-variety such that k[X]× = k×.
Let CaDiv(X) be the group of Cartier divisors of X. For every divisor
D ∈ CaDiv(X) we denote by [D] its class in Pic(X). Given a Cartier di-
visor D = {(Ui, fi)}i, its associated sheaf OX(D) is the invertible sheaf
obtained by gluing f−1i OUi . This is a subsheaf of the constant sheaf as-
sociated with the function field k(X) of X. Therefore, given two Cartier
divisors D1, D2 and sections si ∈ H0(U,OX(Di)), i ∈ {1, 2}, the prod-
uct s1s2 ∈ H0(U,OX(D1 + D2)) is well-defined. Given a Cartier divisor
D = {(Ui, fi)}i and an element f ∈ k(X)×, we denote by divD(f) the Cartier
divisor {(Ui, ffi)}i. Note that f ∈ H0(X,O(D)) if and only if divD(f) is
an effective divisor. The support of a Cartier divisor D = {(Ui, fi)}i is
Supp(D) := {x ∈ X : fi /∈ O×X,x if x ∈ Ui}.
Let M be a finitely generated abelian group, and assume that the char-
acteristic of k does not divide the order of its torsion subgroup. Let λ :
M → Pic(X) be a group homomorphism, and
Mλ := {(m,D) ∈M × CaDiv(X) : [D] = λ(m)}.
2.2.1. Generalized Cox sheaves. We start with an axiomatic defini-
tion of generalized Cox sheaves.
Definition 2.3. A Cox sheaf of X of type λ is a sheaf R of M -graded
OX -algebras together with a family of isomorphisms of OX -modules
{φm,D : Rm → OX(D)}(m,D)∈Mλ ,
where Rm denotes the degree-m-part of R, such that for every (m1, D1),
(m2, D2) ∈Mλ there exists a nonzero constant α ∈ k that satisfies
φm1,D1(s1)φm2,D2(s2) = αφm1+m2,D1+D2(s1s2)
for all si ∈ Rmi(U), i ∈ {1, 2}, and all open subsets U of X.
A morphism of Cox sheaves of X of type λ is a morphism of M -graded
OX -algebras.
A structure of Cox sheaf of X of type λ on a sheaf R of OX -algebras con-
sists of an M -grading on R and a family of isomorphisms {φm,D}(m,D)∈Mλ
as above.
Via the following lemma, which characterizes the morphisms of OX -
modules between invertible sheaves, and the remark that comes after we
show that a structure of generalized Cox sheaf is actually determined by a
subfamily of isomorphisms φm,D. This lemma is also used later to determine
the automorphism group of a generalized Cox sheaf.
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Lemma 2.4. Let D,D′ be two Cartier divisors and ψ : OX(D) →
OX(D′) a morphism of OX-modules. Then there exists f ∈ k(X) such
that D = divD′(f) and ψ(s) = fs for all s ∈ H0(U,OX(D)) and all open
subsets U ⊆ X. If D = D′, then f ∈ k[X].
Proof. Without loss of generality, we can assume that D and D′ are
trivialized by the same open covering of X, say D = {(Ui, fi)}i and D′ =
{(Ui, f ′i)}i. Let s ∈ H0(Ui,OX(D)). Then ψ(s) = ψ(f−1i )fis, and ψ(f−1i ) =
uif
′
i
−1 for some ui ∈ H0(Ui,OX). Moreover, uif ′i−1fi = ujf ′j−1fj in k(X)
for all i and j by restricting ψ to Ui ∩ Uj . Take f = uif ′i−1fi. If D = D′,
then f ∈ H0(Ui,OX) for all i. Hence, f ∈ k[X]. 
Remark 2.5. The isomorphisms φm,D in Definition 2.3 are uniquely
determined up to multiplication by nonzero elements of k. Therefore, given
a Cox sheaf R of X of type λ, we say that two families {φm,D}(m,D)∈Mλ
and {φ′m,D}(m,D)∈Mλ define the same Cox sheaf structure on R if for every
(m,D) ∈Mλ, there is αm,D ∈ k× such that φ′m,D = αm,Dφm,D.
By Lemma 2.4, a Cox sheaf structure on R is determined once the
isomorphism φm,D is known for a given (m,D) ∈Mλ for each m ∈M .
Remark 2.6. The sheaves defined in [BH03, Lemma 3.5], with the
family of isomorphisms in [BH03, Lemma 3.5 (ii)], are generalized Cox
sheaves of identity type in the sense of Definition 2.3. If X is locally factorial,
the Cox sheaves constructed in [ADHL15, Construction 1.4.2.1], with the
family of isomorphisms in [ADHL15, Lemma 1.4.3.4], are generalized Cox
sheaves of identity type in the sense of Definition 2.3.
In [BH03], [ADHL15] and [DP14] Cox sheaves are constructed via a
presentation of the grading group, Pic(X) or Cl(X), by a finitely generated
free group of line bundles, Weil divisors and Cartier divisors, respectively.
We show that generalized Cox sheaves of every type exist by means of a
generalization of these constructions that makes use of a presentation of the
grading group M by an abstract finitely generated free group. Later in this
section we present another procedure, see Construction 2.18, which could
seem a more natural generalization of the constructions mentioned above.
Construction 2.7. Let
0→ Λ0 → Λ ϕ→M → 0
be a presentation of M by a finitely generated free group Λ. Let L1, . . . , Ln
be a basis of Λ. For 1 ≤ i ≤ n, let Di be a Cartier divisor represent-
ing the class λ(ϕ(Li)) in Pic(X). For every L =
∑n
i=1 aiLi of Λ, let
SL := OX(
∑n
i=1 aiDi). Endow S :=
⊕
L∈Λ SL with the multiplication of
sections induced by the embeddings SL ⊆ k(X). Let χ : Λ0 → k(X)× be
a homomorphism of groups that satisfies div0(χ(E)) =
∑n
i=1 aiDi for all
E =
∑n
i=1 aiLi ∈ Λ0. We call χ a character associated with S. Let I be the
sheaf of ideals of S locally generated by the sections 1−χ(E) for all E ∈ Λ0,
where 1 has degree 0 and χ(E) has degree −E. We say that I is the sheaf
of ideals of S defined by χ. Let R := S/I and pi : S → R the projection.
Then
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(i) I is M -homogeneous, and every Λ-homogeneous section of I is
zero;
(ii) pi|SL : SL → Rϕ(L) is an isomorphism of OX-modules for all L ∈ Λ;
(iii) R with any family of isomorphisms {φm,D}(m,D)∈Mλ induced by
{pi|−1SL}L∈Λ is a Cox sheaf of X of type λ.
Proof. Since ϕ(E) = 0 for all E ∈ Λ0, the sheaf I is M -homogeneous
and R is M -graded. To prove (i), let U be an open subset of X and s ∈
H0(U, I) a homogeneous section of degree L ∈ Λ. Let V be an open covering
of U such that for all V ∈ V we can write s|V =
∑
E∈Λ0(1 − χ(E))sE with
sE ∈ H0(V,
⊕
E′∈Λ0 SL+E′) for all E ∈ Λ0. Let sE,E′ ∈ H0(V,SL+E′), such
that sE =
∑
E′∈Λ0 sE,E′ . Then
s|V =
∑
E,E′∈Λ0
((1− χ(E − E′))χ(E′)sE,E′ − (1− χ(−E′))χ(E′)sE,E′),
where χ(E′)sE,E′ is homogeneous of degree L. Hence, s|V =
∑
E∈Λ0(1 −
χ(E))s′E for suitable s
′
E ∈ H0(V,SL). Since s is homogeneous of degree L,
we get s|V = 0 for all V ∈ V. Hence, s = 0.
For (ii), note that pi|SL is injective for all L ∈ Λ by (i). Let U be an
open subset of X and L ∈ Λ. We prove that pi|H0(U,SL) : H0(U,SL) →
H0(U,Rϕ(L)) is surjective. Let s ∈ H0(U,Rϕ(L)) and V an open covering of
U such that for all V ∈ V there exists a section sV ∈ H0(V,
⊕
E∈Λ0 SL+E)
with pi(sV ) = s|V . Write sV =
∑
E∈Λ0 sV,E with sV,E homogeneous of degree
L+E. Then s′V := sV −
∑
E∈Λ0(1−χ(E))sV,E is homogeneous of degree L
and pi(s′V ) = s|V . Since s′V |V ∩W −s′W |V ∩W is a Λ-homogeneous section of I,
the sections s′V glue by (i) to a section s
′ ∈ H0(U,SL) such that pi(s′) = s.
Finally, we prove (iii). For every (m,D) ∈Mλ, choose L ∈ ϕ−1(m) and
an isomorphism of OX -modules ψL,D : SL → OX(D). Then{
φm,D := ψL,D ◦ pi|−1SL : Rm → OX(D)
}
(m,D)∈Mλ
is an arbitrary family of isomorphisms induced by {pi|−1SL}L∈Λ. By Lemma
2.4, for every (m1, D1), (m2, D2) ∈ Mλ there exists a nonzero constant α ∈
k that satisfies φm1,D1(s1)φm2,D2(s2) = αφm1+m2,D1+D2(s1s2) for all si ∈
H0(U,Rmi), i ∈ {1, 2}, and all open subsets U of X. 
Remark 2.8. Since Λ is free and finitely generated, the same is true for
Λ0. Hence, characters χ as in Construction 2.7 always exist.
The next proposition shows that the construction above does not depend
on the choice of the character χ.
Proposition 2.9. The Cox sheaves defined in Construction 2.7 do not
depend on the choice of the character χ, up to isomorphism of Cox sheaves.
Proof. Let Λ, Λ0 and S as in Construction 2.7. Let χ and χ′ be
two characters associated with S, and I and I ′ the sheaves of ideals of S
defined by χ and χ′, respectively. Since Λ is free and finitely generated, k is
separably closed and the oder of the torsion subgroup of M is not divisible by
the characteristic of k, the character χ′χ−1 : Λ0 → k× extends to a character
α : Λ → k× = k[X]×, that defines an automorphism ψ : S → S by sending
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each homogeneous element s of degree L to α(L)s. Since ψ(1 − χ(E)) =
1−α(E)χ(E) = 1−χ′(E) for all E ∈ Λ0, the automorphism ψ maps I onto
I ′, inducing an isomorphism S/I → S/I ′ of M -graded OX -algebras. 
Finally we show that all Cox sheaves of X of type λ are isomorphic, by
proving at the same time that every Cox sheaf of X of type λ is isomorphic
to one defined in Construction 2.7 and that the Cox sheaves obtained from
Construction 2.7 are all isomorphic.
Proposition 2.10. Let R be a Cox sheaf of X of type λ. For every S
as in Construction 2.7, there exists a character χ associated with S and an
isomorphism R ∼= S/I of Cox sheaves of type λ, where I is the sheaf of
ideals of S defined by χ.
Proof. Let Λ0, Λ, ϕ and S be as in Construction 2.7. For every m ∈M ,
we denote by Rm the degree-m-part of R. Let S ′ :=
⊕
L∈ΛRϕ(L).
Let φm,D : Rm → OX(D), for (m,D) ∈Mλ, be a family of isomorphisms
associated with R. Let B be the basis of Λ chosen in Construction 2.7,
and let Λ+ be the monoid generated by B. For every L ∈ B, denote by
DL the Cartier divisor representing the class λ(ϕ(L)) in Pic(X) such that
SL = OX(DL). For every L ∈ Λ+, write L =
∑n
i=1 Li with Li ∈ B, define
DL :=
∑n
i=1DLi , and let αL be the unique element of k
× that satisfies
n∏
i=1
φϕ(Li),DLi
(si) = αLφϕ(L),DL(s1 · · · sn)
for all si ∈ H0(U,Rϕ(Li)) and all open U ⊆ X. For every L ∈ Λ, write
L = L+ − L− with L+, L− ∈ Λ+, and define αL := αL+α−1L−α−1, where
α ∈ k× is the unique constant that satisfies φϕ(L),DL(s)φϕ(L−),DL− (s′) =
αφϕ(L+),DL+ (ss
′) for all s ∈ H0(U,Rϕ(L)), s′ ∈ H0(U,Rϕ(L−)) and all open
U ⊆ X. The constant αL does not depend on the choice of L+ and L−.
The morphisms ψL := αLφϕ(L),DL induce an isomorphism of Λ-graded OX -
algebras ψ : S ′ → S.
The map χ : Λ0 → k(X)× defined by χ(E) = ψ−E(1) for all E ∈ Λ0, is a
character associated with S. Let I ′ be the kernel of the projection S ′ → R.
Then ψ(I ′) is the sheaf I of ideals of S defined by χ. Thus ψ induces an
isomorphism R ∼= S/I. 
Corollary 2.11. There exists exactly one isomorphism class of Cox
sheaves of X of type λ.
Remark 2.12. The corollary above agrees with the fact that X-torsors
of type λ exist and are all isomorphic, as the map type in (2.2) is an iso-
morphism if k is separably closed.
Now we turn to the relation between generalized Cox sheaves and torsors
under quasitori. This is made precise by the proposition below. We first
point out some properties of the generalized Cox sheaves.
Remark 2.13. Let R be a Cox sheaf of X of type λ. For every open
subset U of X that trivializes all elements of λ(M), there are isomorphisms
R|U ∼= OU [M ] ∼=
⊕
m∈M
OU .
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Therefore, R is locally finitely generated as OX -algebra and locally free as
OX -module.
Proposition 2.14. If pi : Y → X is an X-torsor under M̂ of type λ,
then pi∗OY is a Cox sheaf of X of type λ. Conversely, if R is a Cox sheaf of
X of type λ, then the relative spectrum SpecX R → X is an X-torsor under
M̂ of type λ.
Proof. Let pi : Y → X be an X-torsor under M̂ of type λ. By Propo-
sition 2.2 and the antiequivalence (2.1), pi∗OY is a sheaf of M -graded OX -
algebras. In particular, there is an open covering {Ui}i of X, Cartier divisors
Dm = {(Ui, fi,m)}i, for m ∈M , such that [Dm] = λ(m) for all m ∈M , and
an isomorphism of OX -modules
φ : pi∗OY →
⊕
m∈M
OX(Dm)
such that φ|Ui : pi∗OY |Ui →
⊕
m∈M f
−1
i,mOUi is an isomorphism of OUi-
algebras for all i. For all m ∈M , denote by (pi∗OY )m the degree-m-part of
pi∗OY , and let φm,Dm be the isomorphism
φ|(pi∗OY )m : (pi∗OY )m → OX(Dm).
Let U be an open subset of X, and s1, s2 ∈ pi∗OY (U) homogeneous of degree
m1 and m2, respectively. Then for all i,
φ(s1s2)|U∩Ui = f−1i,m1+m2fi,m1φ(s1)|U∩Uifi,m2φ(s2)|U∩Ui ,
where the product on the right is computed in k(X). Since the elements
f−1i,m1+m2fi,m1fi,m2 belong to H
0(Ui,OX)× for all i, and f−1i,m1+m2fi,m1fi,m2 =
f−1j,m1+m2fj,m1fj,m2 in k(X)
× for all i and j by restricting φ, s1 and s2 to
U ∩ Ui ∩ Uj , the element α := fi,m1+m2f−1i,m1f−1i,m2 belongs to k[X]× = k×,
and
φm,Dm1 (s1)φm,Dm2 (s2) = αφm1+m2,Dm1+m2 (s1s2),
for all s1, s2 ∈ pi∗OY (U) homogeneous of degree m1 and m2, respectively.
Conversely, let R be a Cox sheaf of X of type λ. The morphism
SpecX R → X induced by OX ⊆ R is surjective. By Remark 2.13, R
is locally free as OX -module and locally finitely generated as OX -algebra.
Hence, the morphism pi is flat and of finite type. Moreover, R is locally iso-
morphic to M̂ = SpecOX [M ] with the natural action of M̂ on itself. Hence,
pi is an X-torsor under M̂ .
Let {Ui}i be an open covering that trivializes R. The class of SpecX R
in H1(X, M̂X) is represented by the cocycle (βi,j)i,j with
βi,j ∈ Hom(M,OX(Ui ∩ Uj)×)
defined by βi,j(m) := fi,mf
−1
j,m for all m ∈M , where {(Ui, fi,m)}i belongs to
a fixed system of representatives for λ(M). Therefore, type([SpecX R]) =
λ. 
Remark 2.15. The proposition above shows that Cox sheaves and tor-
sors of given type are equivalent notions. Therefore, Corollary 2.11 can be
deduced from Proposition 2.14 and the known results about torsors under
quasitori.
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In the next proposition we define the pull-back of a Cox sheaf of X of
type λ under a morphism ϕ : M ′ →M of finitely generated abelian groups.
This pull-back of generalized Cox sheaves corresponds to the push-forward
of torsors under quasitori under morphisms of quasitori (cf. [Sko01, p. 21]
and Subsection 2.3.5).
Proposition 2.16. Let ϕ : M ′ →M be a morphism of finitely generated
abelian groups. Assume that the characteristic of k does not divide the order
of the torsion subgroup of M ′. If R is a Cox sheaf of X of type λ, then
ϕ∗R :=
⊕
m∈M ′
Rλ(m)
with the multiplication induced by R is a Cox sheaf of X of type λ ◦ ϕ.
Proof. Let M ′λ := {(m′, D) ∈ M ′ × CaDiv(X) : [D] = λ(ϕ(m))}. If
{φm,D}(m,D)∈Mλ is a family of isomorphisms associated with the Cox sheaf
R, then {φϕ(m′),D}(m′,D)∈M ′λ , together with the M ′-grading, define a Cox
sheaf structure on ϕ∗R. 
Remark 2.17. As explained in [Sko01, p. 25], torsors of a given type
can be obtained as push-forward of a universal torsor under the type ho-
momorphism. Analogously, Cox sheaves of X of type λ can be obtained as
pull-back of a Cox sheaf of X of identity type under λ by Proposition 2.16.
Inspired by Remark 2.17, we give a second construction of generalized
Cox sheaves that coincides with Construction 2.7 if λ = idPic(X).
Construction 2.18. Let D1, . . . , Dn be Cartier divisors on X whose
classes generate the subgroup λ(M) of Pic(X). Let Λ :=
⊕n
i=1 ZDi and Λ0
the kernel of the morphism Λ→ Pic(X) that sends an element D ∈ Λ to the
class [D] of the corresponding Cartier divisor. Let
Λλ := {(m,D) ∈M × Λ : [D] = λ(m)},
and for every (m,D) ∈ Λλ, let S(m,D) := OX(D). Endow
S :=
⊕
(m,D)∈Λλ
S(m,D)
with the multiplication induced by the inclusions S(m,D) ⊆ k(X). Let χ :
Λ0 → k(X)× be a homomorphism of groups that satisfies div0(χ(E)) =∑n
i=1 aiDi for all E =
∑n
i=1 aiLi ∈ Λ0. We call χ an identifying character
for Λ. Let I be the sheaf of ideals of S locally generated by the sections
1 − χ(E) for all E ∈ Λ0, where 1 has degree (0, 0) and χ(E) has degree
(0, E). We say that I is the sheaf of ideals of S defined by χ. Let R := S/I
and pi : S → R the projection. Then
(i) I is M -homogeneous, and every Λλ-homogeneous section of I is
zero;
(ii) pi|S(m,D) : S(m,D) → Rm is an isomorphism of OX-modules for all
(m,D) ∈ Λλ;
(iii) R with any family of isomorphisms {φm,D}(m,D)∈Mλ induced by
{pi|−1S(m,D)}(m,D)∈Λλ is a Cox sheaf of X of type λ.
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Remark 2.19. The verification of the statements in Construction 2.18
is similar to the proof of Construction 2.7. The same argument that proves
Proposition 2.9 shows that the Cox sheaves defined in Constructions 2.18
do not depend on the choice of the character χ, up to isomorphism of Cox
sheaves. Moreover, one can prove a result analogous to Proposition 2.10 for
the Cox sheaves obtained from Construction 2.18.
The following proposition shows that the groups Λ in Constructions 2.7
and 2.18 can be realized as groups of Cartier divisors.
Proposition 2.20. Given a finite set {D1, . . . , Dr} of Cartier divisors,
there exists a basis {D′1, . . . , D′r} of a free subgroup of CaDiv(X) with [Di] =
[D′i] in Pic(X) for all i ∈ {1, . . . , r}.
Proof. Without loss of generality, we can assume that D1, . . . , Dr are
trivialized by the same affine open covering of X, say Di = {(Uj , fi,j)}j≥1.
If there are f1, . . . , fr ∈ k(X)× such that fa11 · · · farr ∈ H0(U1,OX)× with
a1, . . . , ar ∈ Z if and only if a1 = · · · = ar = 0, then the divisors D′i :=
divDi(fif
−1
i,1 ) with i ∈ {1, . . . , r} generate a free subgroup of CaDiv(X).
To produce rational functions f1, . . . , fr as above, one can proceed as
follows. Let A = H0(U1,OX). If X has dimension 0 this lemma is trivial.
So, we assume that U has positive dimension, and hence infinitely many
closed points. We construct f1, . . . , fr by induction. Let f1 ∈ A be nonzero
and noninvertible. For 1 < i ≤ r, let mi be a maximal ideal of A not
containing gi−1 :=
∏i−1
j=1 fj . Since (gi−1) +mi = A, there exists an element
fi ∈ mi such that (gi−1, fi) = A. Then (fj , fi) = A for 1 ≤ j ≤ i − 1 and
fi 6= 0 since gi−1 is not invertible. Let a1, . . . , ar ∈ Z not all zero such that∏r
i=1 fi
ai ∈ A×. Up to a permutation of the indices, we can assume that
a1 ≥ · · · ≥ ar. Since none of the fi is invertible, a1 > 0 and ar < 0. We
write g :=
∏
ai>0
faii and h :=
∏
ai<0
f−aii , so that g, h ∈ A and gh−1 ∈ A×.
Hence, (h) = (g) ⊆ (f1) in A. Then (f1) = (f1, h) = A, which contradicts
the fact that f1 is not a unit in A. 
The following two constructions are used in the next section to relate
Cox sheaves to the existence of rational points. The first one is determined
by a splitting of the natural exact sequence that relates the function field of
X to its group of principal divisors.
Construction 2.21. Let σ : k(X)× → k× be a splitting of the natural
exact sequence of groups
1→ k× → k(X)× → k(X)×/k× → 1. (2.3)
For every m ∈ M , let Dm be a Cartier divisor representing the class λ(m)
in Pic(X) and Rm := OX(Dm). Endow R :=
⊕
m∈M Rm with the following
multiplication of sections induced by σ. For every open subset U of X and
homogeneous sections s1, s2 ∈ R(U) of degree m1,m2 ∈M , respectively, let
f ∈ k(X)× be the unique element such that Dm1+m2 = divDm1+Dm2 (f) and
σ(f) = 1. Define s1s2 := fs1s2 ∈ Rm1+m2(U), where the product on the
right is computed in k(X). Then R is a Cox sheaf of X of type λ.
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Proof. By Remark 2.5, it is enough to determine the isomorphisms
φm,Dm for m ∈M . These are chosen to be the identity and are compatible
with multiplication by construction. 
The second construction is determined by a splitting of the natural exact
sequence associated with the group of invertible sections on a small enough
open subset of X.
Construction 2.22. Let U ⊆ X be a nonempty open subset such that
λ(M) is contained in the kernel of the natural morphism Pic(X)→ Pic(U).
Let σ : k[U ]× → k× be a splitting of the natural exact sequence of groups
1→ k× → k[U ]× → k[U ]×/k× → 1. (2.4)
For every m ∈M , let Dm be a Cartier divisor supported on XrU represent-
ing the class λ(m) in Pic(X) and Rm := OX(Dm). Endow R :=
⊕
m∈M Rm
with the following multiplication of sections induced by σ. For every open
subset V of X and homogeneous sections s1, s2 ∈ R(V ) of degree m1,m2 ∈
M , respectively, let f ∈ k[U ]× be the unique element such that Dm1+m2 =
divDm1+Dm2 (f) and σ(f) = 1. Define s1s2 := fs1s2 ∈ Rm1+m2(V ), where
the product on the right is computed in k(X). Then R is a Cox sheaf of X
of type λ.
Remark 2.23. Every rational point x ∈ U(k) defines a splitting σx :
k[U ]× → k× of (2.4) by σx(f) := f(x) for all f ∈ k[U ]×.
We conclude this first presentation of generalized Cox sheaves by deter-
mining their group of automorphisms.
Proposition 2.24. Let R be a Cox sheaf of X of type λ. For every
h ∈ M̂(k) = Hom(M,k×), let ψh : R → R be the map defined as scalar
multiplication by h(m) on Rm for all m ∈ M . Then h 7→ ψh defines an
isomorphism between M̂(k) and the group of Cox sheaf automorphisms of
R.
Proof. By Lemma 2.4, a Cox sheaf automorphism ψ of R must be
scalar multiplication by some hm ∈ k× on each homogeneous part Rm.
Moreover, hmhm′ = hm+m′ for all m,m
′ ∈ M as ψ is compatible with the
multiplication in R. So, m 7→ hm defines a group homomorphism M → k×,
and hence an element h ∈ M̂(k) such that ψ = ψh. 
2.2.2. Generalized Cox rings. In [BH03, ADHL15] a Cox ring is
the ring of global sections of a Cox sheaf. We give an axiomatic definition of
generalized Cox rings that is clearly satisfied by the rings of global sections
of the generalized Cox sheaves defined previously in Section 2.2.
Definition 2.25. A Cox ring of X of type λ is an M -graded k-algebra
R together with a family of isomorphisms of k-vector spaces φm,D : Rm →
H0(X,OX(D)) for every (m,D) ∈Mλ, where Rm denotes the degree-m-part
of R, such that for every (m1, D1), (m2, D2) ∈ Mλ there exists a nonzero
constant α ∈ k that satisfies φm1,D1(s1)φm2,D2(s2) = αφm1+m2,D1+D2(s1s2)
for all si ∈ H0(X,Rmi), i ∈ {1, 2}.
A structure of Cox ring of X of type λ on a k-algebra R is an M -grading
on R and a family of isomorphisms {φm,D}(m,D)∈Mλ as above.
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We also define morphisms of generalized Cox rings of a given type.
Definition 2.26. Let R and R′ be two Cox rings of X of type λ. A
morphism of M -graded k-algebras ψ : R→ R′ is a morphism of Cox rings of
X of type λ if it is compatible with the families of isomorphisms φm,D and
φ′m,D associated with R and R
′, respectively, as follows: for every (m,D) ∈
Mλ there is αm,D ∈ k[X] such that φ′m,D ◦ ψ ◦ φ−1m,D = αm,D idH0(X,OX(D)).
Remark 2.27. The isomorphisms φm,D in Definition 2.25 are uniquely
determined up to multiplication by nonzero elements of k. Therefore, given
a Cox ring R, we say that two families φm,D and φ
′
m,D define the same Cox
ring structure on R if for every (m,D) ∈Mλ, there is αm,D ∈ k× such that
φ′m,D = αm,Dφm,D (cf. Remark 2.5).
Moreover, a Cox ring structure on R is determined once the isomorphism
φm,D is known for a chosen (m,D) ∈ Mλ for each m ∈ M . Therefore, to
check whether a morphism of k-algebras between Cox rings of given type is
a morphism of Cox rings, it is enough to verify the condition in Definition
2.26 for a chosen (m,D) ∈Mλ for each m ∈M .
Remark 2.28. Morphisms of Cox rings of X of type λ respect the M -
gradings. However, a k-algebra morphism respecting the M -grading is not
necessarily a morphism of Cox rings of type λ. For example, for X = P1k,
the Picard group Pic(X) is free of rank 1, and R ∼= k[T0, T1] is a Cox ring of
X of type idPic(X), where the Pic(X)-grading is the usual Z-grading by the
total degree, identifying effective divisor classes with nonnegative integers.
Mapping T0 and T1 to any linearly independent linear polynomials in T0, T1
defines an automorphism of k[T0, T1] respecting the grading, but any Cox
ring automorphism of R in the sense of Definition 2.26 is multiplication by
a scalar in k×.
An equivalent characterization of Cox rings of type λ, which is similar
to [DP14, Definition 2.1], is provided by the following proposition.
Proposition 2.29. An M -graded k-algebra R has a structure of Cox
ring of X of type λ if and only if there exists a map
div :
⋃
m∈M
(Rm r {0})→ CaDiv(X),
where Rm denotes the degree-m-part of R, such that for each (m,D) ∈
Mλ there is a k-vector space isomorphism φm,D : Rm → H0(X,OX(D))
satisfying div(s) = divD(φm,D(s)) for all nonzero s ∈ Rm, and div(s1s2) =
div(s1) + div(s2) for all nonzero homogeneous elements s1, s2 of R.
Proof. If R is a Cox ring of X of type λ with family of isomorphisms
φm,D as in Definition 2.25, for every m ∈M choose a divisor D ∈ CaDiv(X)
such that (m,D) ∈ Mλ and define div(s) := divD(φm,D(s)) for all nonzero
s ∈ Rm.
For the converse implication, assume that R is an M -graded k-algebra
endowed with a map div and isomorphisms φm,D as in the statement. We
prove that the family of isomorphisms φm,D define a structure of Cox ring of
X of type λ on R. For every (m1, D1), (m2, D2) ∈Mλ and si ∈ H0(X,Rmi),
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i ∈ {1, 2}, the elements
αm1,m2;D1,D2 := φm1,D1(s1)φm2,D2(s2)φm1+m2,D1+D2(s1s2)
−1
do not depend on the chosen sections si ∈ H0(X,Rmi) because the mor-
phisms φm,D are linear. Moreover, αm1,m2;D1,D2 belong to k
× because
divD1+D2(φm1+m2,D1+D2(s1s2)) = divD1(φm1,D1(s1)) + divD2(φm2,D2(s2)).

By definition, the degree-m-part of a Cox ring of X of type λ is nonzero
if and only if λ(m) is an effective class in Pic(X). We denote by Meff the
subgroup of M generated by the elements m such that λ(m) is effective in
Pic(X), and define λeff := λ|Meff : Meff → Pic(X).
Remark 2.30. A Cox ring of X of type λ is also a Cox ring of X of type
λ′, for all λ′ : M ′ → Pic(X) such that M ′eff = Meff and λ′eff = λeff .
Since the degree-m-part of a Cox sheaf of X of type λ is always nonzero,
we can expect that Cox sheaves of different types may have rings of global
sections that are isomorphic generalized Cox rings. The relation between
Cox rings and Cox sheaves of a given type is explained by the following
proposition.
Proposition 2.31. Let R be a Cox ring of X of type λ. Then R is
isomorphic, as Cox ring of type λ, to the ring of global sections of a Cox
sheaf of X of type λ.
If M = Meff , then every automorphism of R as Cox ring of X of type
λ is induced by a unique automorphism of the underlying Cox sheaf of X of
type λ.
Proof. For everym ∈M , we denote byRm the degree-m-part ofR. Let
φm,D : Rm → H0(X,OX(D)), for (m,D) ∈Mλ, be a family of isomorphisms
associated with R.
Let Λ0, Λ, ϕ and S be as in Construction 2.7. For every L ∈ Λ, let
DL be the Cartier divisor on X such that SL = OX(DL). Let Λeff be the
subgroup of Λ generated by the elements L such that λ(ϕ(L)) is effective in
Pic(X). We observe that Λ0 ⊆ Λeff . Since Λ is free and finitely generated,
the same is true for Λeff . Let Beff be a basis of Λeff , and let Λ+ ⊆ Λeff be
the monoid generated by Beff . For every L ∈ Λ+, write L =
∑n
i=1 Li with
Li ∈ Beff , and let αL be the unique element of k× that satisfies
n∏
i=1
φϕ(Li),DLi
(si) = αLφϕ(L),DL(s1 · · · sn)
for all si ∈ Rϕ(Li) with i ∈ {1, . . . , n}. For every L ∈ Λeff such that λ(ϕ(L))
is effective in Pic(X), write L = L+ − L− with L+, L− ∈ Λ+, and define
αL := αL+α
−1
L−α
−1, where α ∈ k× is the unique constant that satisfies
φϕ(L),DL(s)φϕ(L−),DL− (s
′) = αφϕ(L+),DL+ (ss
′) for all s ∈ Rϕ(L) and s′ ∈
Rϕ(L−). The constant αL does not depend on the choice of L
+ and L−. The
isomorphisms ψL := α
−1
L φ
−1
ϕ(L),DL
induce a surjective morphism of graded
k-algebras ψ : H0(X,S)→ R.
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The map χ : Λ0 → k(X)× defined by χ(E) = ψ−1−E(1) for all E ∈ Λ0, is a
character associated with S. Let I be the sheaf of ideals of S associated with
χ, and R := S/I. Then H0(X,S)/H0(X, I) ∼= H0(X,R) by Construction
2.7 (ii), and H0(X, I) is the kernel of ψ.
We show that the induced isomorphism ψ : H0(X,S)/H0(X, I)→ R is
a morphism of Cox rings. The Cox sheaf R is endowed with the family of
isomorphisms {φ′m,D}(m,D)∈Mλ induced by {pi|−1SL}L∈Λ, where pi : S → R is
the projection. For m ∈M such that λ(m) is effective, let L ∈ Λeff such that
ϕ(L) = m. Without loss of generality, we can assume that φ′m,DL = pi|−1SL .
Hence,
φm,DL ◦ ψ ◦ (φ′m,DL)−1 = α−1L idH0(X,OX(DL)) .
Assume now that M = Meff , and let ψ be an automorphism of R(X).
By definition of automorphism of a Cox ring of X of type λ, for every m ∈M
such that λ(m) is effective, there is a constant hm ∈ k× such that ψ|R(X)m =
hm idR(X)m . Moreover, hmhm′ = hm+m′ for all m,m
′ ∈ M as above as ψ
is compatible with the multiplication in R. Since λ(M) is generated by
effective divisor classes, m 7→ hm defines a group homomorphism M →
k×, which is an element h ∈ M̂(k), and hence an automorphism of R by
Proposition 2.24. 
Remark 2.32. A morphism of Cox sheaves of X of type λ induces a
morphism of Cox rings of X of type λ between the rings of global sections.
Hence, for every λ, there exists exactly one isomorphism class of Cox rings
of X of type λ.
Remark 2.33. As a consequence of Propositions 2.24 and 2.31, the
group of Cox ring automorphisms of a Cox ring of X of type λ is isomorphic
to M̂eff(k).
Remark 2.34. If λ(M) contains an ample divisor class, then M = Meff .
2.3. Over nonclosed fields
In this section we define generalized Cox sheaves and Cox rings of a
variety over an arbitrary field by Galois descent, we classify them up to
isomorphism, we explain the relation with torsors under quasitori, and we
discuss some existence criteria. Moreover, we consider their functoriality
properties.
We start by fixing some notation for the rest of this section. Let k be a
field, fix a separable closure k of k, and let g be the Galois group Gal(k/k).
Any algebraic extension of k mentioned in this section is contained in k.
Let X be a geometrically integral k-variety such that k[Xk]
× = k×,
where Xk := X ×Spec k Spec k. The action of g on k induces an action on
A⊗k k (with g ∈ g acting via idA⊗g) for any k-algebra A, and similarly on
OXk = OX ⊗k k. The action of an element g ∈ g on Xk is the one induced
by the action of g−1 on OXk . For every g ∈ g, we denote by gD the natural
Galois action on a divisor D ∈ CaDiv(Xk), by g(f) the natural Galois action
on an element f ∈ k(X). All these actions are continuous (with respect to
the Krull topology on g and the discrete topology on the other objects). We
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will denote by g ∗ s an action of g ∈ g on a section s of a Cox sheaf (or an
element s of a Cox ring) of Xk.
Let M be a g-module which is finitely generated as abelian group, and
assume that the characterstic of k does not divide the order of its torsion
subgroup. Let λ : M → Pic(Xk) be a homomorphism of g-modules.
2.3.1. Natural Galois actions. To define generalized Cox sheaves
and rings of X by Galois descent we need to specify what is a Galois action
compatible with the structure of Cox sheaf or ring on a generalized Cox
sheaf or ring, respectively, of Xk.
Definition 2.35. A continuous g-action on a Cox sheaf R of Xk of
type λ is called natural if, given an associated family of isomorphisms
{φm,D}(m,D)∈Mλ , for every g ∈ g and (m,D) ∈ Mλ, the automorphism
of R defined by the action of g restricts to an isomorphism Rm → Rgm such
that g−1 ◦φgm,gD ◦g◦φ−1m,D is an automorphism of OXk(D). A g-equivariant
Cox sheaf of Xk of type λ is a Cox sheaf of Xk of type λ with a natural
g-action.
Analogously, a continuous g-action on a Cox ring R of Xk of type λ is
called natural if, given an associated family of isomorphisms {φm,D}(m,D)∈Mλ ,
for every g ∈ g and (m,D) ∈ Mλ, the automorphism of R defined by the
action of g restricts to an isomorphism Rm → Rgm such that g−1 ◦ φgm,gD ◦
g ◦ φ−1m,D = α idH0(Xk,OXk (D)) with α ∈ k
×
. A g-equivariant Cox ring of Xk
of type λ is a Cox ring of Xk of type λ with a natural g-action.
A morphism of g-equivariant Cox sheaves (rings) of Xk of type λ is a
g-equivariant morphism of Cox sheaves (respectively, rings) of Xk of type λ.
Remark 2.36. Using the equivalent definition of generalized Cox ring
provided by Proposition 2.29, a continuous g-action on a Cox ring R of
Xk of type λ is natural if and only if div(g ∗ s) = g div(s) for all nonzero
homogeneous s ∈ R and all g ∈ g.
A natural g-action on a generalized Cox sheaf R of Xk of type λ induces
a natural g-action on the Cox ring R(Xk) of Xk of type λ. The next propo-
sition shows that the converse holds if M = Meff , where Meff is the effective
subgroup of M defined before Remark 2.30.
Proposition 2.37. Let R be a Cox sheaf of Xk of type M = Meff . Then
every natural g-action on R(Xk) is induced by a natural g-action on R.
Proof. Assume that R(Xk) is endowed with a natural g-action. Let
φm,D : Rm → OXk(D), for (m,D) ∈ Mλ, be a family of isomorphisms
associated with R. For every g ∈ g and (m,D) ∈ Mλ such that λ(m) is
effective in Pic(Xk), let αg,m,D ∈ k
×
be the unique constant such that
φgm,gD ◦ g = αg,m,Dg ◦ φm,D.
For an arbitrary (m,D) ∈ Mλ, let (m+, D+), (m−, D−) ∈ Mλ such that
m = m+−m−, D = D+−D−, and λ(m+) and λ(m−) are both effective in
Pic(Xk). We define αg,m,D := αg,m+,D+α
−1
g,m−,D−βg(γ
−1), where β, γ ∈ k×
are the unique constants such that
φm,D(s)φm−,D−(s
′) = γφm+,D+(ss′)
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and
φgm,gD(g ∗ s)φgm−,gD−(g ∗ s′) = βφgm+,gD+(g ∗ (ss′))
for all s ∈ R(Xk)m and s′ ∈ R(Xk)m− . The constant αg,m,D do not depend
on the choice of (m+, D+) and (m−, D−).
For every homogeneous section s of R and every g ∈ g, let g ∗ s :=
αg,m,D(φ
−1
gm,gD ◦ g ◦ φm,D)(s) for any (m,D) ∈ Mλ such that s has degree
m. This definition does not depend on the choice of the representative D
for λ(m) and induces a natural action of g on R in the sense of Definition
2.35. 
2.3.2. Generalized Cox sheaves and rings. We are ready to define
generalized Cox sheaves and Cox rings of X by Galois descent.
Definition 2.38. A Cox sheaf of X of type λ is a sheafR ofOX -algebras
together with a structure of Cox sheaf of Xk of type λ on Rk := R ⊗k k
such that Rk with the induced action of g is a g-equivariant Cox sheaf of
Xk. Analogously, a Cox ring of X of type λ is a k-algebra R together with
a structure of Cox ring of Xk of type λ on Rk := R⊗k k such that Rk with
the induced action of g is a g-equivariant Cox ring of Xk.
A morphism of Cox sheaves of X of type λ is a morphism of OX -algebras
ψ : R → R′ such that ψ ⊗ idk : Rk → R′k is a morphism of Cox sheaves
of Xk of type λ. Analogously, a morphism of Cox rings of X of type λ is
a morphism of k-algebras ψ : R → R′ such that ψ ⊗ idk : Rk → R′k is a
morphism of Cox rings of Xk of type λ.
The following proposition show that the notions of generalized Cox
sheaves and rings of X are equivalent to the notions of g-equivariant gener-
alized Cox sheaves and rings of Xk, respectively.
Proposition 2.39. The covariant functors{
Cox sheaves of X of type λ
} −→ { g-equivariant Cox sheaves
of Xk of type λ
}
R 7−→ Rk
and {
Cox rings of X of type λ
} −→ { g-equivariant Cox rings
of Xk of type λ
}
R 7−→ Rk
are equivalences of categories, with inverse functor H0(g, .).
Proof. Let R be a g-equivariant Cox ring of Xk of type λ, and R
g :=
H0(g, R) its subring of g-invariant elements. Since the action of g on R is
continuous, there is an isomorphism Rg ⊗k k ∼= R by [Mil12, Proposition
16.15]. Similarly, if R is a g-equivariant Cox sheaf of Xk of type λ, then
the sheaf Rg defined by Rg(U) := H0(g,R(Uk)) for all open subsets U
of X is a Cox sheaf of X of type λ. Moreover, if ψ : R → R′ is a g-
equivariant morphism of g-equivariant Cox sheaves of Xk of type λ, then
ψ(R(Uk)g) ⊆ R′(Uk)g for every open subset U of X. Hence, ψ restricts to
a unique morphism ψg : Rg → R′g of Cox sheaves of X of type λ such that
ψ = ψg ⊗ idk under the identifications R = (Rg)k and R′ = (R′g)k. 
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The following corollary establishes the connection between generalized
Cox sheaves and Cox rings of varieties over arbitrary fields.
Corollary 2.40. If R is a Cox sheaf of X of type λ, then R(X) is a
Cox ring of X of type λ.
If M = Meff , then this induces a bijection between the set of isomorphism
classes of Cox sheaves of X of type λ and the set of isomorphism classes of
Cox rings of X of type λ.
Proof. Let R be a Cox sheaf of X of type λ. By Definition 2.38, Rk is
a g-equivariant Cox sheaf of Xk. Hence, Rk(Xk) is a Cox ring of Xk of type
λ according to Definition 2.25. Since the induced g-action turns it into a
g-equivariant Cox ring of type λ, the ring of g-invariants R(X) = Rk(Xk)g
is a Cox ring of X of type λ (cf. Proposition 2.39).
Assume now that M = Meff . Clearly isomorphic Cox sheaves of X of
type λ give isomorphic Cox rings of X of type λ if we take rings of global
sections. Hence, the map R 7→ R(X) is well defined on isomorphism classes.
Surjectivity is a consequence of Propositions 2.31, 2.37 and 2.39. For injec-
tivity, assume thatR andR′ are Cox sheaves ofX satisfyingR(X) ∼= R′(X).
This isomorphism of Cox rings of X induces an isomorphism of g-equivariant
Cox rings R(X)k ∼= R′(X)k that extends to a unique isomorphism of Cox
sheaves ψ : Rk → R′k by Proposition 2.31. Since g−1 ◦ ψ−1 ◦ g ◦ ψ is an
automorphism on Rk that induces the identity on Rk(Xk) for every g ∈ g,
by the uniqueness statement of Proposition 2.31, g−1 ◦ ψ−1 ◦ g ◦ ψ is the
identity as well, which means that ψ is g-equivariant, and hence, restricts
to an isomorphism R ∼= R′. 
We apply descent theory (see [Ser02, §III.1] or [Mil12, §16]) to clas-
sify Cox sheaves and Cox rings of X up to isomorphism. Recall that by
Corollary 2.11, every two Cox sheaves of X of type λ become isomorphic
after the field extension k ⊆ k. Moreover, if ψ is an isomorphism of Cox
sheaves of type λ between two g-equivariant Cox sheaves of Xk of type λ,
then gψ := g ◦ ψ ◦ g−1 is another isomorphism for all g ∈ g, and sending
g to the automorphism ψ−1 ◦ gψ defines a map g → M̂(k) by Proposition
2.24, which turns out to be a 1-cocycle. The generalized Cox sheaves of X
of type λ are then classified as follows.
Proposition 2.41. Assume that X has a Cox sheaf R of type λ. Sending
a Cox sheaf R′ of X of type λ with a Cox sheaf isomorphism ψ : Rk → R′k
to the class of the cocycle
g→ Aut(Rk) = M̂(k), g 7→ ψ−1 ◦ gψ
defines an bijective map from the set of isomorphism classes of Cox sheaves
of X of type λ to H1(k, M̂).
Proof. The class of the cocycle g 7→ ψ−1 ◦ gψ does not depend on the
choice of ψ. Moreover, if R′, R′′ are two Cox sheaves of X of type λ, and ψ′ :
Rk → R′k, ψ′′ : Rk → R′′k are two Cox sheaf isomorphisms, the associated
cocycles have the same class in H1(k, M̂) if and only if ψ′′ ◦ψ′−1 : R′ → R′′
is g-equivariant. Hence, the map in the statement is injective.
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For surjectivity, note that a cocycle σ : g → M̂(k) defines a twisted
action
g×Rk → Rk, (g, s) 7→ (ψσg ◦ (idR⊗g))(s),
where ψσg is the automorphism defined in Proposition 2.24. Since
H1(g, M̂(k)) = lim−→
k′/k
H1(Gal(k′/k), M̂(k′)),
where the direct limit is taken over the finite Galois extensions k′ of k inside
k, the twisted action defined by σ is continuous, and hence it is a natural
g-action on Rk according to Definition 2.35. By Proposition 2.39, the sheaf
of invariants Rσ is a Cox sheaf of X of type λ such that Rk ∼= Rσ⊗k k. The
cocycle associated with this isomorphism is (idRk ◦ψσg ◦ g ◦ idRk ◦g−1)g∈g =
σ. 
Remark 2.42. As a consequence of Corollary 2.40 and Proposition 2.41,
the map in Proposition 2.41 defines a bijection between the set of isomor-
phism classes of Cox rings of X of type λ and H1(k, M̂eff).
The inverse map to the bijection in Proposition 2.41 is obtained by
twisting a Cox sheaf of X of type λ by cocycles. Hence, we introduce the
notion of twisted generalized Cox sheaf.
Definition 2.43. For every Cox sheaf R of X of type λ and every
cocycle σ : g → M̂(k), we denote by Rσ the twisted Cox sheaf constructed
in the proof of Proposition 2.41.
2.3.3. Relation to torsors under quasitori. Now we explore the
connection between Cox sheaves of X of type λ and X-torsors of the same
type, and prove that they are equivalent notions. We start by showing that
the relative spectrum functor SpecX sends generalized Cox sheaves to torsors
of the same type and is compatible with twisting.
Proposition 2.44. If R is a Cox sheaf of X of type λ, then SpecX R
is an X-torsor of type λ. Moreover, for each cocycle σ : g → M̂(k), the
X-torsor SpecX Rσ has class [SpecX R]− [σ] in H1(X, M̂X).
Proof. LetR be a Cox sheaf of X of type λ. SinceRk is a g-equivariant
Cox sheaf of Xk, the action of M̂ on Rk induced by the M -grading descends
to an action of M̂g = Spec k[M ]g on R, where k[M ]g is the subring of g-
invariant elements of k[M ], and the canonical morphism SpecX R → X is
an X-torsor of type λ by Proposition 2.14 and fpqc-descent.
Let σ : g → M̂(k) be a cocycle. By Proposition 2.41, the twisted Cox
sheaf Rσ corresponds to the g-equivariant Cox sheaf Rk of Xk with the
twisted action of g given by (g, s) 7→ σg(g(s)) under the bijection of Propo-
sition 2.39. Thus, SpecX Rσ is obtained by Galois descent from SpecXk Rk
with the twisted g-action (g, x) 7→ σ−1g (g(x)). Therefore, [SpecX Rσ] =
[SpecX R]− [σ] in H1(X, M̂X) (cf. [Sko01, Example 2, p. 21]). 
The next proposition shows that the direct image of the structure sheaf
of anX-torsor of type λ under the torsor morphism is a generalized Cox sheaf
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of the same type, and that the functor SpecX in the previous proposition is
essentially surjective.
Proposition 2.45. If pi : Y → X is an X-torsor of type λ, then pi∗OY
is a Cox sheaf of X of type λ, OY (Y ) is a Cox ring of X of type λ, and
SpecX pi∗OY ∼= Y .
Proof. Let pi : Y → X be an X-torsor of type λ. Let pi : Yk → Xk
be the induced Xk-torsor of type λ. Then pi∗OYk is a Cox sheaf of Xk of
type λ by Proposition 2.14. The induced g-action on pi∗OYk is a natural
g-action in the sense of Definition 2.35, as it is given by automorphisms that
are compatible with the g-action on M . Hence, pi∗OY is a Cox sheaf of X
of type λ according to Definition 2.38, and OY (Y ) = (pi∗OY )(X) is a Cox
ring of X of type λ by Corollary 2.40. Moreover, pi is affine by [MFK94,
Proposition 0.7]. Hence, SpecX pi∗OY ∼= Y . 
The relation between generalized Cox sheaves and torsors under qua-
sitori is summarized by the following corollary.
Corollary 2.46. The contravariant functor{
Cox sheaves of X of type λ
} −→ {X-torsors of type λ}
R 7−→ SpecX R
is an anti-equivalence of categories with inverse functor{
X-torsors of type λ
} −→ {Cox sheaves of X of type λ}
pi : Y → X 7−→ pi∗OY .
Proof. By Propositions 2.44 and 2.45, both functors are well-defined
and essentially surjective. Moreover, the functor SpecX is fully faithful. 
2.3.4. Existence. Now we turn to existence criteria for generalized
Cox sheaves and rings of varieties over nonclosed fields. We start with an
example that shows that Cox rings of identity type do not always exist.
Example 2.47. Let X ⊂ P2R be the conic defined by x2 + y2 + z2 = 0,
with X(R) = ∅. It is the image of the closed immersion
ψ : P1C → XC, (u : v) 7→ (2uv : u2 − v2 : i(u2 + v2)).
A Cox ring of P1C of type idPic(P1C) is C[u, v], where u, v ∈ H
0(P1C,O(1)) vanish
in (0 : 1), (1 : 0), respectively. If X has a Cox ring R of type idPic(XC) over
R, then RC is endowed with a natural action of g = Gal(C/R) = {id, g}.
Via the isomorphism ψ, this action pulls back to an action of g on the
Cox ring C[u, v] of P1C with the following properties. Since g exchanges
(0 : 1 : i) = ψ((1 : 0)) and (0 : 1 : −i) = ψ((0 : 1)), there exists α ∈ C×
such that g(u) = αv. Then g2(u) = u gives g(v) = g(α)−1u. Furthermore,
g exchanges (1 : 0 : i) = ψ((1 : 1)) and (1 : 0 : −i) = ψ((1 : −1)), hence
g(u− v) = αv − g(α)−1u should be a scalar multiple of u+ v. This implies
α = −g(α)−1, which is impossible for α ∈ C×. Therefore, the conic X
without R-rational points does not have a Cox ring of type idPic(XC).
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Remark 2.48. By Proposition 2.41, the existence of a Cox sheaf, or Cox
ring, of a given type λ implies that all Cox sheaves (or rings) of Xk of type
λ are g-equivariant. Therefore, we say that Cox sheaves (or rings) of X of
type λ exist (cf. (2.2)).
The next proposition relates the existence of Cox sheaves to the existence
of g-equivariant characters in Construction 2.7.
Proposition 2.49. LetM⊆M be a finite g-invariant set of generators
for M , and D a finite g-invariant set of Cartier divisors such that λ(M) =
{[D] : D ∈ D}. Let
Mλ := {(m,D) ∈M×D : [D] = λ(m)}
with the componentwise action of g, and let Λ :=
⊕
L∈Mλ ZL with the
induced g-action. Let ϕ : Λ → M be defined by ϕ((m,D)) = m for all
(m,D) ∈ Λ, and S := ⊕(m,D)∈ΛOXk(D) the associated OXk-algebra as in
Construction 2.7.
Then a Cox sheaf of X of type λ exists if and only if there is a g-
equivariant character associated with S.
Proof. Let Λ0 be the kernel of ϕ, and let S(m,D) := OXk(D) for all
(m,D) ∈ Λ. Given a g-equivariant character χ : Λ0 → k(Xk)× associated
with S. The sheaf I of ideals of S defined by χ is invariant under the action
of g on S induced by the natural g-action on k(Xk). Therefore, R := S/I
is a g-equivariant Cox sheaf of Xk of type λ, and the sheaf of invariants Rg
is a Cox sheaf of X of type λ.
Assume now that R is a Cox sheaf of X of type λ. Then Rk is a g-
equivariant Cox sheaf of Xk of type λ. By Proposition 2.10, we can assume
that Rk = S/I, where I is the sheaf of ideals of S defined by a character
χ : Λ0 → k(Xk)× associated with S. Let pi : S → Rk be the projection.
Let φm,D, for (m,D) ∈Mλ, be a family of isomorphisms associated with
Rk. Without loss of generality, we can assume that φm,D = pi|−1S(m,D) for all
(m,D) ∈ Λ. By Definition 2.35 and Lemma 2.4, for every g ∈ g and every
(m,D) ∈ Λ, there exists a constant αg,m,D ∈ k× such that
(pi|−1S(gm,gD) ◦ g ◦ pi|S(m,D))(s) = αg,m,Dg(s)
for all sections s of S(m,D) = OXk(D). These constants satisfy
αg,m+m′,D+D′ = αg,m,Dαg,m′,D′ αgg′,m,D = αg,g′m,g′Dg(αg′,m,D)
for all (m,D), (m′, D′) ∈ Λ and all g, g′ ∈ g. Moreover, χ((0, gD)) =
αg,0,−Dg(χ((0, D))) for all (0, D) ∈ Λ0. Fix a system M′λ ⊆ Mλ of repre-
sentatives for the orbits under the action of g. For every (m,D) ∈M′λ and
every g ∈ g, let β(gm,gD) := αg,m,D. Given L′ ∈ Λ, write L′ =
∑
L∈Mλ aLL
with aL ∈ Z, and define
βL′ :=
∏
L∈Mλ
βaLL .
The homomorphism χ′ : Λ0 → k(Xk)× that sends E ∈ Λ0 to βEχ(E) is
g-equivariant and satisfies div0(χ
′((0, D))) = D for all (0, D) ∈ Λ0. 
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From [CTS87, Proposition 2.2.8] we know that the existence of universal
torsors (that is, torsors of type idPic(Xk)) for a smooth variety X over a
nonclosed field k is equivalent to the existence of a g-equivariant splitting of
the exact sequence
1→ k× → k(Xk)× → k(Xk)×/k
× → 1. (2.5)
Moreover, if U is a nonempty open subset of X, and M is the kernel of
the natural homomorphism Pic(Xk) → Pic(Uk), the existence of torsors of
injective type M ⊆ Pic(Xk) is equivalent to the existence of a g-equivariant
splitting of the exact sequence
1→ k× → k[Uk]× → k[Uk]×/k
× → 1. (2.6)
As a consequence of Corollaries 2.40 and 2.46 and of Remark 2.48, this is
also equivalent to the existence of Cox sheaves (and Cox rings if M = Meff)
of X of the same type.
In our more general setting, where X can be singular, we show how to
construct a Cox sheaf of X of type λ starting from g-equivariant splittings
of such exact sequences. Then, Proposition 2.44 gives a torsor of X of type
λ in this setting, generalizing the above results of [CTS87].
Proposition 2.50. (i) If (2.5) admits a g-equivariant splitting,
then Cox sheaves and Cox rings of X of type λ exist.
(ii) If there exists a g-equivariant splitting of the exact sequence (2.6)
associated with a nonempty open subset U of X such that λ(M)
is contained in the kernel of the natural morphism Pic(Xk) →
Pic(Uk), then Cox sheaves and Cox rings of X of type λ exist.
Proof. We prove (i). Let σ : k(X)× → k× be a g-equivariant splitting
of (2.5). For m ∈M , define Dm and Rm as in Construction 2.21. Then the
Cox sheaf R := ⊕m∈M Rm of Xk of type λ defined in Construction 2.21 is
equivariant with respect to the following action of g. For every g ∈ g and
m ∈M , let f ∈ k(Xk)× be the unique element such that Dgm = divgDm(f)
and σ(f) = 1. Define g ∗ s := fg(s) ∈ Rgm for all sections s ∈ Rm, where
the product on the right is computed in k(Xk). The sheaf of invariants Rg
is then a Cox sheaf of X of type λ by Proposition 2.39, and Rg(X) is a
Cox ring of X of type λ by Corollary 2.40. The proof of (ii) is similar using
Construction 2.22. 
Another way to produce generalized Cox sheaves and rings of varieties
over nonclosed fields is by pulling-back a given one.
Remark 2.51. If X has a Cox sheaf of type λ and ϕ : M ′ →M is a mor-
phism of finitely generated g-modules, then the pull-back of a g-equivariant
Cox sheaf R of Xk of type λ under ϕ,
ϕ∗R :=
⊕
m∈M ′
Rϕ(m),
defined in Proposition 2.16 inherits from R and action of g that turns it
into a g-equivariant Cox sheaf. Hence, Cox sheaves of X of type λ ◦ ϕ
exist by Proposition 2.39. In particular, if X has a Cox sheaf of injective
type M ′′ ⊆ Pic(Xk) for any g-invariant subgroup M ′′ of Pic(Xk) such that
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λ(M) ⊆ M ′′, then Cox sheaves of X of type λ exist. Therefore, if X has a
Cox sheaf of identity type, then all Cox sheaves of X of all types exist.
We show now that a splitting of (2.6) is equivalent to the existence of
certain Cox sheaves of X of injective type, at least if Xk is locally factorial
(cf. [CTS87, Proposition 2.2.8 (v)]).
Proposition 2.52. If Xk is locally factorial, and X has a Cox sheaf of
injective type λ, then the natural exact sequence (2.6) has a g-equivariant
splitting for every nonempty open subset U ⊆ X such that λ(M) is the kernel
of the natural morphism Pic(Xk)→ Pic(Uk). If in addition k is perfect and
λ = idPic(Xk), also the exact sequence (2.5) admits a g-equivariant splitting.
Proof. Let U ⊆ X be a nonempty open subset such that λ(M) is con-
tained in the kernel of the natural morphism Pic(Xk) → Pic(Uk). Then
the group Λ of Cartier divisors on Xk supported outside Uk is free, finitely
generated and has a g-invariant basis (consisting of the prime divisors sup-
ported outside Uk). The group k[Uk]
×/k× is naturally identified with the
subgroup Λ0 ⊆ Λ of principal divisors. By Proposition 2.49, there exists a g-
equivariant character χ : Λ0 → k(Xk)× associated with S :=
⊕
D∈ΛOX(D).
Since every element of Λ0 is supported outside Uk, the image of χ is con-
tained in k[Uk]
×. Hence, χ is a g-equivariant splitting of the exact sequence
(2.6) associated with U .
Assume now that k is perfect and that λ = idPic(Xk). Let X
′ be the
smooth locus of Xk and U
′ = Uk∩X ′. Since Xk is normal, its singular locus
has codimension ≥ 2. Hence, k(Xk) = k(X ′) and k[Uk] = k[U ′]. Then,
according to [CTS87, Proposition 2.2.8], the exact sequence (2.5) admits a
g-equivariant splitting whenever (2.6) does.

Remark 2.53. As in Remark 2.23, a k-rational point on U defines a
g-equivariant splitting of (2.6). Moreover, every smooth k-rational point on
X defines a g-equivariant splitting of (2.5) by [CTS87, Remarque 2.2.3].
Therefore, if X has a smooth k-rational point, Cox sheaves and Cox rings of
X of any type exist by Proposition 2.50. If X(k) 6= ∅, the same result can
be obtained combining Remark 2.1 with Proposition 2.45.
The existence of a k-rational point on X allows us to construct explicitly
a Cox sheaf of X of type λ as follows (cf. [ADHL15, Construction 1.4.2.3]).
Construction 2.54. Let x ∈ X(k). LetM⊆M be a finite g-invariant
set of generators for M , and D a finite g invariant set of Cartier divisors
of Xk supported outside x such that λ(M) = {[D] : D ∈ D}. Let
Mλ := {(m,D) ∈M×D : [D] = λ(m)}
with the componentwise action of g, and let Λ :=
⊕
L∈Mλ ZL with the in-
duced g-action. Let ϕ : Λ→M be defined by ϕ((m,D)) = m for all (m,D) ∈
Λ, and S := ⊕(m,D)∈ΛOXk(D) the associated OXk-algebra as in Construc-
tion 2.7. Let Λ0 be the kernel of ϕ. The morphism χ : Λ0 → k(Xk)× that
sends (0, D) ∈ Λ0 to the unique element f ∈ k(Xk)× such that div0(f) = D
and f(x) = 1 is a g-equivariant character associated with S. Let I be the
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sheaf of ideals of S defined by χ as in Construction 2.7. Then the Cox sheaf
R := S/I is g-equivariant by Proposition 2.49. Let pi : SpecX Rg → X be
the induced torsor of type λ, then x ∈ pi((SpecX Rg)(k)).
Proof. The set of Cartier divisors of Xk that do not contain x in their
support form a g-invariant group that generates Pic(Xk). Indeed: if D ={(Ui, fi)}i is a Cartier divisor on Xk that contains x in its support, take j
such that x ∈ Uj . Then the divisor divD(f−1j ) is linearly equivalent to D
and is supported outside x. Therefore, it is always possible to choose a set D
as in the statement. The character χ defined by x as above is g-equivariant
because x is g-invariant.
Let U be an affine open neighborhood of x in X. Then the homomor-
phism ψ : S(Uk) → k defined by ψ(s) := s(x) for all homogeneous sections
s ∈ S(Uk) is well defined becauseD is supported outside x for all (m,D) ∈ Λ,
and g-equivariant because x is g-invariant. Since χ(E)(x) = 1 for all E ∈ Λ0,
the homomorphism ψ factors through R(Uk) and defines a k-rational point
on pi−1(x) by Galois descent. 
The following example shows that the existence of a k-rational point on
X is not necessary for the existence of Cox rings of X of arbitrary type.
We recall that if the g-action on M is trivial, a Cox ring of X of type
λ : M → Pic(Xk) always exists.
Example 2.55. Let k be an arbitrary number field. LetX be the smooth
projective fourfold over k in [Sme14, Theorem 3.6]. Then X(k) = ∅ and
there is no e´tale (and hence, no algebraic) Brauer–Manin obstruction to the
Hasse principle. Moreover, Pic(Xk) is a finitely generated abelian group, as
the Albanese variety of X is trivial. Therefore, X has a universal torsor by
[Sko01, Corollary 6.1.3], and Cox rings and Cox sheaves of X of all types
exist by Proposition 2.45 and Remark 2.51.
2.3.5. Functoriality. We discuss now the functoriality properties of
generalized Cox sheaves and rings of varieties over an arbitrary field. We
refer to [CTS87] and [BH03] for the analogous properties of torsors under
quasitori and of Cox rings of identity type, respectively.
By [CTS87, Proposition 1.5.2], the exact sequence (2.2) is functorial in
X and G, covariant in G and contravariant in X. If we denote by M the
g-module Ĝk dual to G under (2.1), the exact sequence (2.2) is functorial in
X and M , contravariant with respect to both.
We consider first the functoriality with respect to morphisms of quasitori
G → G′, or equivalently, with respect to the induced morphism of dual g-
modules ϕ : M ′ → M . If R is a Cox sheaf of X of type λ : M → Pic(Xk),
the pull-back ϕ∗R := (ϕ∗Rk)g defined in Remark 2.51 is endowed with a
natural morphism of graded OX -algebras compatible with ϕ
ϕ∗R → R, (2.7)
obtained by Galois descent from the g-equivariant morphism ϕ∗Rk → Rk
that restricts to the identity (ϕ∗Rk)m = (Rk)ϕ(m) for all m ∈M ′. Moreover,
each morphism ψ : R → R′ of Cox sheaves of X of type λ pulls back under
ϕ to a morphism ϕ∗(ψ) : ϕ∗R → ϕ∗R′ of Cox sheaves of X of type λ ◦ ϕ
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such that the following diagram is commutative
ϕ∗R ϕ∗R′
R R′.
ϕ∗(ψ)
ψ
The pull-back of Cox sheaves under ϕ corresponds to the push-forward
of torsors defined in [Sko01, Example 3, p. 21] under the dual morphism of
quasitori ϕ̂ : G→ G′. In particular, ϕ̂∗ SpecX R ∼= SpecX ϕ∗R.
We consider now the functoriality with respect to morphisms of k-
varieties. Let p : X ′ → X be a morphism of k-varieties and R a Cox
sheaf of X of type λ : M → Pic(Xk). We denote by p∗ : Pic(Xk)→ Pic(X ′k)
the pull-back of divisor classes under p. We recall that the property of
being a torsor over X under G is stable under base extension. Therefore,
SpecX′ p
∗R ∼= X ′ ×X SpecX R is an X ′-torsor under M̂g.
Proposition 2.56. Let p : X ′ → X be a morphism of k-varieties, p∗ :
Pic(Xk) → Pic(X ′k) the induced pull-back of divisor classes, and R a Cox
sheaf of X of type λ : M → Pic(Xk). Then, p∗R is a Cox sheaf of X ′ of
type p∗ ◦ λ : M → Pic(X ′
k
).
Proof. If {φm,D}(m,D)∈Mλ is a family of isomorphisms associated with
the Cox sheaf R, then the family of isomorphisms
p∗(φm,D) : p∗Rm → p∗OX′(D),
for (m,D) ∈ Mλ, defines a structure of Cox sheaf of X ′ of type p∗ ◦ λ on
p∗R, as p∗ commutes with direct limits. 
We summarize the results of this subsection in the following corollary.
Corollary 2.57. Let p : X ′ → X be a morphism of k-varieties, and
ϕ : M ′ →M a morphism of g-modules.
(1) If R is a Cox sheaf of X of type λ : M → Pic(Xk), then p∗ϕ∗R is
a Cox sheaf of X ′ of type
p∗ ◦ λ ◦ ϕ : M ′ → Pic(X ′
k
).
(2) If ψ : R → R′ is a morphism of Cox sheaves of X of type λ, then
p∗(ϕ∗(ψ)) : p∗ϕ∗R → p∗ϕ∗R′
is a morphism of Cox sheaves of X ′ of type p∗ ◦ λ ◦ ϕ.
(3) The the double pull-back p∗ ◦ϕ∗ is a covariant functor from the cat-
egory of Cox sheaves of X of type λ to the category of Cox sheaves
of X ′ of type p∗ ◦ λ ◦ ϕ.
(4) There is an isomorphism of functors between p∗ ◦ ϕ∗ and ϕ∗ ◦ p∗.
Proof. Parts (1) and (2) are a consequence of Proposition 2.56 and the
discussion above.
For (3) we observe that ϕ∗ and p∗ are both covariant functors. For (4),
we observe that p∗ϕ∗R = ϕ∗p∗R since p∗ commutes with direct limits, and
48 2. GENERALIZED COX RINGS
hence, also p∗(ϕ∗(ψ)) = ϕ∗(p∗(ψ)), as ϕ∗(ψ) and ϕ∗(p∗(ψ)) restrict to ψ and
p∗(ψ), respectively, on the homogeneous parts of the Cox sheaves. 
Remark 2.58. The analogous functoriality properties of generalized Cox
rings can be deduced from Corollary 2.57 via Corollary 2.40.
Remark 2.59. As in Corollary 2.57, let p : X ′ → X be a morphism of
k-varieties, assume that X ′ has a Cox sheaf R′ of identity type, and let R be
a Cox sheaf of X of type λ. Up to twisting R′ by an element of H1(k, M̂) we
can assume that p∗R ∼= (p∗◦λ)∗R′. Then there exists a natural morphism of
graded OX′-algebras p∗R → R′ as in (2.7), and also a morphism of graded
OX -algebras R → p∗R′, as p∗ and p∗ are adjoint functors. This gives a new
proof of the existence statement in [BH03, Proposition 5.3] by considering
k = k and λ = idPic(X). We observe that in general p∗R′ is not a generalized
Cox sheaf of X.
2.4. Finitely generated generalized Cox rings
We dedicate this section to investigate some properties of generalized
Cox rings that are finitely generated as k-algebras, with the purpose of
realizing the corresponding torsors under quasitori as locally closed subsets
of finite dimensional affine spaces. We first observe that the pull-back of a
generalized Cox ring under a morphism of grading groups, which we define in
the remark below by analogy with the pull-back of generalized Cox sheaves,
preserves finite generation.
Remark 2.60. Assume that k = k. Let M ′ be a finitely generated
abelian group and assume that the characteristic of k does not divide the
order of the torsion subgroup of M ′. Using Proposition 2.16 and Proposi-
tion 2.31 we define the pull-back of a Cox ring R of X of type λ under a
group homomorphism ϕ : M ′ → M to be ϕ∗R := ⊕m∈M ′ Rϕ(m). If R is a
finitely generated k-algebra, then also ϕ∗R is a finitely generated k-algebra
by [ADHL15, Proposition 1.1.2.4].
2.4.1. Embedded torsors. From [ADHL15, Construction 1.6.3.1]
(cf. [BH03, Proposition 3.10], we know that given a variety X over an
algebraically closed field k with a Cox sheaf R of identity type such that
R(X) is a finitely generated k-algebra, then the universal torsor SpecX R
embeds into SpecR(X) as an open subset, under some assumptions on X,
which are satisfied, for example, if X is locally factorial or projective. The
next proposition gives an analogous result for finitely generated generalized
Cox rings and arbitrary torsors under quasitori. We first describe the action
on a torsor of type λ induced by the grading on the associated generalized
Cox sheaf.
Remark 2.61. We recall from Proposition 2.44 that, given a Cox sheaf
R of X of type λ, the relative spectrum SpecX R is an X-torsor of type λ
under the action of M̂g on SpecX R induced by the M -grading on Rk. In
particular, M̂g = Spec k[M ]g and the action induced by the M -grading is
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determined by the g-equivariant M̂ -action on SpecXk
Rk defined by
Rk(U)→ k[M ]⊗k Rk(U),
n∑
i=1
si 7→
n∑
i=1
mi ⊗ si
for all open subsets U of Xk and all homogeneous sections si ∈ Rk(U)mi .
We observe that this defines also an action of M̂g on SpecR(X), and that
the natural morphism SpecX R → SpecR(X) is M̂g-equivariant.
Proposition 2.62. Assume that k = k, that R is a Cox sheaf of X of
type λ such that R(X) is finitely generated as a k-algebra, and that there are
nonzero homogeneous sections f1, . . . , ft ∈ R(X) of degrees m1, . . . ,mt ∈M ,
respectively, such that the open subsets XrSupp(divDi(φmi,Di(fi)) are affine
and cover X. Then the natural morphism SpecX R → SpecR(X) is a M̂ -
equivariant open immersion and the complement of the image is defined by
the ideal
√
(f1, . . . , ft) of R(X).
Proof. Let pi : SpecX R → X be the morphism induced by OX ⊆
R. The open subsets pi−1(X r Supp(divDi(φmi,Di(fi))) are affine and cover
SpecX R. Moreover, R(X r Supp(divDi(φmi,Di(fi))) = R(X)[f−1i ] for all
i ∈ {1, . . . , t}. Hence, SpecX R → SpecR(X) is an open immersion whose
image is the union of the principal open subset of SpecR(X) defined by fi
for i ∈ {1, . . . , t}. 
Remark 2.63. The assumption of Proposition 2.62 on the affine open
covering is equivalent to the requirement that there are effective Cartier
divisors D1, . . . , Dt on X such that [Di] ∈ λ(M) for all i ∈ {1, . . . , t} and
such that the open subsets XrSupp(Di) are affine and cover X. If λ(M) =
Pic(X) this is the definition of divisorial variety [Bor63, §3]. Among those
there are quasi-projective varieties and locally factorial varieties [Bor63,
§4].
If λ(M) contains the class of a very ample invertible sheaf on X, then
the hypothesis of Proposition 2.62 on the affine open covering is satisfied,
and the open immersion SpecX R → SpecR(X) can be characterized as
follows (cf. [ADHL15, Corollary 1.6.3.6]).
Corollary 2.64. Assume that k = k, that X is projective and has a Cox
sheaf R of type λ such that R(X) is a finitely generated k-algebra, and there
is m ∈ M such that λ(m) is very ample. Then SpecX R → SpecR(X) is a
M̂ -equivariant open immersion and the complement of the image is defined
by the ideal
√〈R(X)m〉 of R(X), where 〈R(X)m〉 is the ideal generated by
the degree-m-part of R(X).
2.4.2. Generators and relations. The following proposition and the
remark below explain how to realize a finitely generated generalized Cox ring
as a quotient of a polynomial ring. Without loss of generality, we assume
that M = Meff (cf. Remark 2.30).
Proposition 2.65. Assume that k = k. Let m1, . . . ,mN ∈ M be a set
of generators for Meff . Let Λ :=
⊕N
i=1 Zmi, and let Λ0 be the kernel of the
natural homomorphism ϕ : Λ → M . For 1 ≤ i ≤ N , let Di be a Cartier
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divisor representing the class λ(mi) in Pic(X), and for every L =
∑N
i=1 aimi
of Λ, let DL :=
∑N
i=1 aiDi. Let χ : Λ0 → k(X)× be a character associated
with the OX-algebra S :=
⊕
L∈ΛOX(DL).
Endow S := k[η1, . . . , ηN ] with the M -grading induced by assigning de-
gree mi to ηi for each i ∈ {1, . . . , N}. For every L ∈ Λ, let
φL : Sϕ(L) → H0(X,OX(DL))
be the linear map that sends ηa11 · · · ηaNN to χ(
∑N
i=1 aimi−L) for all (a1, . . . , aN ) ∈
ZN≥0 such that
∑N
i=1 aimi = ϕ(L) in M . Let g1, . . . , gs ∈ S be homogeneous
elements such that for each i ∈ {1, . . . , s}, if gi has degree ϕ(Li) with Li ∈ Λ,
then φLi(gi) = 0.
Then R := S/(g1, . . . , gs) is a Cox ring of X of type λ if and only if the
linear map
φϕ(L),DL : Rϕ(L) → H0(X,OX(DL))
induced by φL is an isomorphism for all L ∈ Λ.
Conversely, if R is a finitely generated Cox ring of X of type λ, then
there are generators m1, . . . ,mN of Meff , a character χ and polynomials
g1, . . . , gs ∈ k[η1, . . . , ηN ] as above such that R ∼= k[η1, . . . , ηN ]/(g1, . . . , gs).
Proof. For the first statement, we notice that for all L1, L2 ∈ Λ,
φL1(s1)φL2(s2) = φL1+L2(s1s2)
for all s1, s2 ∈ S homogeneous of degrees ϕ(L1) and ϕ(L2), respectively,
because χ is a group homomorphism.
Conversely, assume that R is a finitely generated Cox ring of X of type
λ, and let s1, . . . , sN be a finite set of homogeneous elements that generate
R. Let for every i ∈ {1, . . . , N}, let mi be the degree of si. Sending ηi 7→ si
defines a surjective homomorphism pi : k[η1, . . . , ηN ]→ R of M -graded rings,
where the grading on S := k[η1, . . . , ηN ] is defined by assigning degree mi
to ηi for i ∈ {1, . . . , N}. Since S is noetherian, the kernel of pi is generated
by finitely many homogeneous elements g1, . . . , gs.
Since s1, . . . , sN generate R, the elements m1, . . . ,mN generate Meff .
Let Λ :=
⊕N
i=1 Zmi, and let Λ0 be the kernel of the natural homomorphism
ϕ : Λ→M . For 1 ≤ i ≤ N , let Di be a Cartier divisor representing the class
λ(mi) in Pic(X), and for every L =
∑N
i=1 aimi of Λ, let DL :=
∑N
i=1 aiDi.
Let φm,D, for (m,D) ∈Mλ, be a family of isomorphisms associated with
R. Let Λ+ :=
⊕N
i=1 Z≥0mi. For every L =
∑N
i=1 aimi ∈ Λ+, let αL :=
φϕ(L),DL(s
a1
1 · · · saNN ). For every L ∈ Λ such that λ(ϕ(L)) is an effective
class, write L = L+ − L− with L+, L− ∈ Λ+, and define αL := αL+α−1L−α,
where α ∈ k× is the unique constant such that φϕ(L),DL(s)φϕ(L−),DL− (s′) =
αφϕ(L+),DL+ (ss
′) for all s ∈ Rϕ(L) and s′ ∈ Rϕ(L−). The constant αL does
not depend on the choice of L+ and L−. If λ(ϕ(L)) is not effective, take
αL := 1.
The isomorphisms φL := α
−1
L φϕ(L),DL satisfy
φL1(s1)φL2(s2) = φL1+L2(s1s2)
for all s1, s2 ∈ S homogeneous of degrees ϕ(L1) and ϕ(L2), respectively, for
all L1, L2 ∈ Λ. Then, the map χ : Λ0 → k(X)× defined by χ(E) = φ−E(1)
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for all E ∈ Λ0, is a character associated with
⊕
L∈ΛOX(DL) that defines
on k[η1, . . . , ηN ]/(g1, . . . , gs) a structure of Cox ring of X of type λ which
coincides with the one induced by R via pi. 
Over nonclosed fields we consider the following g-equivariant version of
Proposition 2.65.
Remark 2.66. Let k be an arbitrary field, and consider the construc-
tion in Proposition 2.65 for Xk. If the set {(m1, D1), . . . , (mN , DN )} is
g-invariant with respect to the componentwise action of g, and the charac-
ter χ is g-equivariant, then the morphisms φL defined by χ are g-equivariant
for all L ∈ Λ. Therefore, if R = S/(g1, . . . , gs) is a Cox ring of Xk of type λ,
it is endowed with a natural g-action, and descends to a Cox ring Rg of X
of type λ by Proposition 2.39. The ring Rg is a finitely generated k-algebra
by faithfully flat descent.
2.4.3. Example: Cox rings for a family of Chaˆtelet surfaces. As
an example, we describe Cox rings of Chaˆtelet surfaces of identity type and
of injective type Pic(X) ⊆ Pic(Xk) as quotients of polynomial rings.
A Chaˆtelet surface X over a field k is a smooth compactification of an
affine surface defined in A3k by an equation of the form
x2 − ay2 = P (z),
where a ∈ k× and P is a separable polynomial of degree 4. See [CTSSD87a,
CTSSD87b].
We consider the family of Chaˆtelet surfaces from [BBP12]. Assume
that a = −1 is not a square in k and that P is a product of four linear
polynomials lj(u, v) = aju+bjv with pairwise non-proportional (aj , bj) ∈ k2.
Let X1 ⊆ P2k × A1k be defined by
x2 + y2 = t2
4∏
j=1
lj(u, 1),
and let X2 ⊆ P2k × A1k be defined by
x2 + y2 = t2
4∏
j=1
lj(1, v).
Let X be the Chaˆtelet surface obtained by glueing X1 and X2 along the
isomorphism
X1 ∩ {u 6= 0} → X2 ∩ {v 6= 0}, ((x : y : t), u) 7→ ((x : y : u2t), 1/u).
An anticanonical morphism ψ : X → P4k, maps X onto the singular
quartic del Pezzo surface X ′ ⊂ P4k defined by
x0x2 − x21 = x23 + x24 − (ax0 + bx1 + cx2)(a′x0 + b′x1 + c′x2) = 0,
where
(a, b, c) = (a1a2, a1b2 + a2b1, b1b2), (a
′, b′, c′) = (a3a4, a3b4 + a4b3, b3b4).
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The singularities of X ′
k
are P± = (0 : 0 : 0 : 1 : −(±i)), of type A1, where
i2 = −1, and X ′
k
contains precisely eight lines of P4k:
D′±j = {x3 − (±i)x4 = ajx1 + bjx2 = ajx0 + bjx1 = 0}, 1 ≤ j ≤ 4.
The anticanonical morphism ψ is a minimal desingularization of X ′. Hence,
the Chaˆtelet surface X is a weak del Pezzo surface. The (−1)-curves on Xk
are precisely the strict transforms of the lines on X ′
k
, namely D±j given by
D±j ∩X1,k = {x− (±i)y = lj(u, 1) = 0}
for 1 ≤ j ≤ 4. The (−2)-curves on Xk are the inverse images D±0 of the
singularities P± ∈ X ′
k
. They are determined by
D±0 ∩X1,k = {x− (±i)y = t = 0}.
The Dynkin diagram in Figure 1 encodes the configuration of negative curves
on Xk. For any two curves D,D
′ in the diagram, the number of edges
between D and D′ is the intersection number [D].[D′].
D+0 D
+
1 D
−
1 D
−
0
D+2 D
−
2
D+3 D
−
3
D+4 D
−
4
Figure 1. Configuration of curves on Xk.
We observe that the lines D±j are all defined over k(i). In particular, they
are fixed under the action of Gal(k/k(i)), while Gal(k(i)/k) exchanges D+j
with D−j for all j ∈ {0, . . . , 4}. Let Λ ∼= Z10 be the free abstract group with
basis {D±j }0≤j≤4, and Λ0 the kernel of the homomorphism Λ→ Pic(Xk) that
sends a divisor to its class. According to [BBP12, (2.2), (2.3)], Pic(Xk)
∼=
Z6 is generated by the divisors in Λ, and Λ0 ∼= Z4 is generated by
Ei,j := (D
+
i +D
−
i )− (D+j +D−j ),
E{i,j},{l,m} := (D+0 +D
+
i +D
+
j )− (D−0 +D−l +D−m),
for {i, j, l,m} = {1, 2, 3, 4}. Note that E1,2, E1,3, E1,4, E{1,2},{3,4} form a
basis for Λ0, because
Ei,j = −Ej,i, Ei,j + Ej,l = Ei,l, E{i,j},{l,m} − Ei,l = E{j,l},{i,m} (2.8)
for all choices of {i, j, l,m} = {1, 2, 3, 4}.
We show now that the rings in [BBP12, §4] are Cox rings of X of
identity type according to Proposition 2.65 and Remark 2.66.
Proposition 2.67. The k-algebra
R := k[η±0 , . . . , η
±
4 ]/(∆i,jη
+
l η
−
l + ∆j,lη
+
i η
−
i + ∆l,iη
+
j η
−
j )1≤i<j<l≤4, (2.9)
2.4. FINITELY GENERATED GENERALIZED COX RINGS 53
where ∆i,j = aibj − ajbi for all 1 ≤ i, j ≤ 4 and η±j has degree D±j for all
0 ≤ j ≤ 4, is a Cox ring of Xk of type idPic(Xk), together with the character
χ : Λ0 → k(Xk)× defined by
χ(Ei,j) := ψ
∗
(
aix1 + bix2
ajx1 + bjx2
)
,
χ(E{i,j},{l,m}) := ψ∗
(
x3 − ix4
alamx0 + (albm + ambl)x1 + bmblx2
)
for all choices of {i, j, l,m} = {1, 2, 3, 4}.
Proof. The map χ is a group homomorphism because it respects the
equalities (2.8). This is verified by direct computations recalling that x0x2 =
x21. Moreover, by the definition of χ and since it is a group homomorphism,
div0(χ(E)) = E for all E ∈ Λ0.
Let {φL}L∈Λ be the linear maps for k[η±0 , . . . , η±4 ] defined by χ in Propo-
sition 2.65.
We observe that the polynomials
gi,j,l := ∆i,jη
+
l η
−
l + ∆j,lη
+
i η
−
i + ∆l,iη
+
j η
−
j (2.10)
have all the same degree [D+1 + D
−
1 ] = · · · = [D+4 + D−4 ] in Pic(Xk), and
that
φD+m+D−m(gi,j,l) = ∆i,jχ(El,m) + ∆j,lχ(Ei,m) + ∆l,iχ(Ej,m) = 0
for all 1 ≤ i < j < l ≤ 4 and all m ∈ {1, . . . , 4}. By Proposition 2.65,
the Pic(Xk)-graded k-algebra R is a Cox ring of Xk as long as the induced
morphisms φ[D],D are isomorphisms for all D ∈ Λ. The results of [Der06,
6.4(iii)] and [ADHL15, Theorem 5.4.4.5(3)], ensure that the ten generators
corresponding to the negative curves and the relations gi,j,l in degree [D
+
1 +
D−1 ] are sufficient, namely, that each φ[D],D is an isomorphism. 
We recall that the set {D±0 , . . . , D±4 } is g-equivariant, and that each
divisor is invariant under the action of Gal(k/k(i)). Let g ∈ Gal(k(i)/k) ∼=
Z/2Z be the nontrivial element. Then g(D+j ) = D
−
j for all j ∈ {0, . . . , 4}.
Proposition 2.68. The k-algebra
R := k[ξj , µj , j ∈ {0, . . . , 4}]/(g˜i,j,l)1≤i<j<l≤4,
with
g˜i,j,l := ∆i,j(ξ
2
l + µ
2
l ) + ∆j,l(ξ
2
i + µ
2
i ) + ∆l,i(ξ
2
j + µ
2
j ) (2.11)
for all 1 ≤ i < j < l ≤ 4, is a Cox ring of X of type idPic(Xk).
Proof. The character χ defined in Proposition 2.67 is g-equivariant
because for all choices of {i, j, l,m} = {1, 2, 3, 4},
g(Ei,j) = Ei,j , g(E{i,j},{l,m}) = E{l,m},{i,j}
and
x23+x
2
4 = (alamx0+(albm+ambl)x1+blbmx2)(aiajx0+(aibj+ajbi)x1+bibjx2)
is the second equation of X ′. Then the Cox ring R defined in Proposition
2.67 with the action of g that exchanges η+j and η
−
j for all 0 ≤ j ≤ 4 is g-
equivariant by Remark 2.66. Hence, the subring R
g
of g-invariant elements
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of R is a Cox ring of X of type idPic(Xk) by Proposition 2.39. We observe
that R = R
g
via
ξj := (η
+
j + η
−
j )/2, µj := (η
+
j − η−j )/(2i),
so that η±j = ξj ± iµj for all j ∈ {0, . . . , 4}. 
Now we describe representatives for all isomorphism classes of Cox rings
of X of type idPic(Xk). We twist the Cox ring R in Proposition 2.68 by an
element of H1(k,G), where G = Spec k[Pic(Xk)]
g is the k-quasitorus dual
to Pic(Xk). By [GS06, Proposition 3.3.14], there is an exact sequence
0→ H1(Gal(k(i)/k), G(k(i)))→ H1(g, G(k))→ H1(Gal(k, k(i)), Gk(i)(k)).
We recall that Gal(k, k(i)) acts trivially on Pic(Xk)
∼= Z6, so that Pic(Xk(i))
equals Pic(Xk). Then Gk(i)
∼= G6m,k(i) and the last group in the exact
sequence above is trivial. Therefore, we always represent an element of
H1(k,G) by a cocycle σ : Gal(k(i)/k) → G(k(i)), which is determined by
σg ∈ G(k(i)) ∼= HomZ(Pic(Xk(i)), k(i)×), where g ∈ Gal(k(i)/k) ∼= Z/2Z is
the nontrivial element, as above.
Proposition 2.69. The k-algebra
Rσ := k[ξj , µj , j ∈ {0, . . . , 4}]/(g˜σi,j,l)1≤i<j<l≤4,
with
g˜σi,j,l := ∆i,j(ξ
2
l + µ
2
l ) + ∆j,ln
σ
i,l(ξ
2
i + µ
2
i ) + ∆l,in
σ
j,l(ξ
2
j + µ
2
j ) (2.12)
for all 1 ≤ i < j < l ≤ 4, where
nσi,j := σg([D
+
j −D+i ]) ∈ k×
for i, j ∈ {1, . . . , 4}, is a Cox ring of X of type idPic(Xk).
Proof. The natural action of g on R twisted by σ exchanges η−j with
σg([D
+
j ])η
+
j for j ∈ {0, . . . , 4}, as in the proof of Proposition 2.41. Then
ξj := (σg([D
+
j ])η
+
j + η
−
j )/2, µj := (σg([D
+
j ])η
+
j − η−j )/(2i),
are invariant under the twisted action and
k[ξj , µj , j ∈ {0, . . . , 4}]⊗k k = k[η±j , j ∈ {0, . . . , 4}]
as
η+j = σg([D
+
j ])
−1(ξj + iµj) and η−j = ξj − iµj . (2.13)
Substituting (2.13) into (2.10) and multiplying by σg([D
+
l ]), we obtain
(2.12). Moreover, we use the cocycle condition and the fact that σg(Ei,j) = 1
for all i, j ∈ {1, . . . , 4} to check that g(nσi,j) = nσi,j for all i, j ∈ {1, . . . , 4}. 
For k = Q, the polynomials g˜σi,j,l defining the twisted Cox rings Rσ
in Proposition 2.69 are the same as the equations [BBP12, (4.2)], since
we can choose (n1, n2, n3, n4) ∈ (Z r {0})4 such that nσi,j = ni/nj for all
i, j ∈ {1, . . . , 4}. Note that [BBP12, Proposition 4.9] shows that every
k-rational point on X can be lifted to a universal torsor corresponding to
a twisted Cox ring as above with (n1, n2, n3, n4) such that n1n2n3n4 is a
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square in Z. We show that twisted Cox rings as above are characterized by
the fact that n1n2n3n4 is a sum of two squares.
Proposition 2.70. Let (n1, n2, n3, n4) ∈ (k×)4. There is a cocycle σ :
Gal(k(i)/k) → G(k(i)) such that nσi,j = ni/nj for all i, j ∈ {1, . . . , 4} if and
only if n1n2n3n4 = α
2 + β2 with α, β ∈ k.
Proof. Given a cocycle σ as in the statement,
n1n2n3n4 = n
4
1n
σ
1,1n
σ
2,1n
σ
3,1n
σ
4,1 = n
4
1σg([D
+
0 + 2D
+
1 ])g(σg([D
+
0 + 2D
+
1 ])),
using [E{3,4},{1,2}−E1,2] = [0] ∈ Pic(Xk(i)) and the cocycle condition. Hence,
n1n2n3n4 = α
2 +β2 with α, β ∈ k such that σg([D+0 + 2D+1 ]) = (α+ iβ)/n21.
Conversely, if n1n2n3n4 = α
2 + β2 with α, β ∈ k,
σg([D
+
0 ]) := α+ iβ, σg([D
−
0 ]) := (α− iβ)−1,
and
σg([D
+
j ]) := n
−1
j , σg([D
−
j ]) := nj , j ∈ {1, . . . , 4},
defines a cocycle σ : Gal(k(i)/k)→ HomZ(Pic(Xk(i)), k(i)×). 
Since X has a Cox ring of identity type, Cox rings of X of arbitrary type
exist by Remark 2.51. The next proposition computes a Cox ring of X of
injective type Pic(X) ⊆ Pic(Xk). We recall that Pic(X) = Pic(Xk)g ∼= Z2
is generated by [D+0 + D
−
0 ] and [D
+
1 + D
−
1 ]. Let R be the Cox ring of X
defined in Proposition 2.68.
Proposition 2.71. Every Cox ring of X of injective type Pic(X) ⊆
Pic(Xk) is isomorphic to the Pic(X)-graded k-algebra
k[x, y, t, u, v]/(x2 + y2 − t2
4∏
j=1
(aju+ bjv)),
where x and y have degree [D+0 +D
−
0 +2(D
+
1 +D
−
1 )], t has degree [D
+
0 +D
−
0 ],
and u and v have degree [D+1 +D
−
1 ].
Proof. By Remark 2.51 and the fact that g acts trivially on Pic(X),
every Cox ring R′ of injective type Pic(X) ⊆ Pic(Xk) is isomorphic to the
g-invariant subring of ⊕
m∈Pic(X)
Rm,
where R is the Cox ring defined in Proposition 2.67. For m ∈ Pic(Xk), the
k-vector space Rm is generated by the monomials
∏4
j=0(η
+
j )
e+j (η−j )
e−j with
e±j ∈ Z≥0, for 0 ≤ j ≤ 4, and such that [
∑4
j=0(e
+
j D
+
j +e
−
j D
−
j )] = m. Solving
these linear equations with m ∈ Pic(X) for nonnegative e±0 , . . . , e±4 , one finds
that R′
k
is isomorphic to the subring of R generated by the elements
θ+ := η+0
4∏
j=0
η+j , θ
− := η−0
4∏
j=0
η−j , θj := η
+
j η
−
j , j ∈ {0, . . . , 4},
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that satisfy the relations
θ+θ− = θ0
4∏
j=0
θj , ∆i,jθl + ∆j,lθi + ∆l,iθj = 0, 1 ≤ i < j < l ≤ 4.
The elements x, y, t, u, v of R′
k
determined by
x+ iy = η+0
4∏
j=0
η+j , x− iy = η−0
4∏
j=0
η−j ,
t = η+0 η
−
0 , aju+ bjv = η
+
j η
−
j , j ∈ {1, . . . , 4},
are g-invariant and generate R′
k
. The kernel of the induced homomorphism
k[x, y, t, u, v]→ R is generated by
x2 + y2 − t2
4∏
j=1
(aju+ bjv).
Hence, R′ ∼= k[x, y, t, u, v]/(x2 + y2 − t2∏4j=1(aju+ bjv)). 
Remark 2.72. The Cox ring in Proposition 2.71 corresponds to the
torsor in [BBP12, Definition 4.1].
CHAPTER 3
Integral models of torsors
This chapter is devoted to descent properties of torsors under tori over
certain projective varieties. Given a noetherian integral domain A with
fraction field k, and a projective k-variety with a torsor of a given type
embedded in the spectrum of a finitely generated Cox ring of the same
type, we explain how to construct A-models of the torsor, of the variety and
of the torsor morphism so that the last one is a torsor. We also give some
criteria to determine certain properties of the models by looking at analogous
properties of the Cox ring. The content of this chapter is a generalization
of [FP14, §3].
3.1. A construction
We fix a separable closure k of the fraction field k of A. Let X be an
integral projective k-variety. Assume that X has a finitely generated Cox
ring R of type λ : Zr → Pic(X) such that λ(Zr) contains an ample divisor
class. By Proposition 2.65, we can write
R = k[η1, . . . , ηN ]/I,
where η1, . . . , ηN are Zr-homogeneous, and I is a homogeneous ideal.
Let Y be an X torsor of type λ. By Corollary 2.64, we can assume, with-
out loss of generality, that Y is an open subset of SpecR whose complement
is defined by monic monomials
f1, . . . , ft ∈ k[η1, . . . , ηN ]r
√
I.
For i ∈ {1, . . . , N}, let m(i) ∈ Zr be the degree of ηi. We recall that
the action of Ẑr = Gr
m,k
on Y is induced by the action of Gr
m,k
on SpecR
defined by the homomorphism
R → k[z1, z−11 , . . . , zr, z−1r ]⊗k R, ηj 7→ zm
(j) ⊗ ηj ,
where zm := zm11 · · · zmrr for all m = (m1, . . . ,mr) ∈ Zr (cf. Remark 2.61).
Construction 3.1. Assume that the ideal I is generated by polynomials
g1, . . . , gs ∈ A[η1, . . . , ηN ]. Let
R := A[η1, . . . , ηN ]/(g1, . . . , gs),
and let Y be the complement of the closed subset of SpecR defined by
f1, . . . , ft. For i ∈ {1, . . . , t}, let Ui := SpecR[f−1i ] and
U i := Ui ×SpecA Spec k ∼= SpecR[f−1i ].
Then {Ui}1≤i≤t is an affine open covering of Y , the family {U i}1≤i≤t is an
affine open covering of Y , and Yk
∼= Y .
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The Zr-grading of R induces a Zr-grading on R by assigning the de-
grees of η1, . . . , ηN . We assume that (R; f1, . . . , ft) satisfies the following
condition:
for every i, j ∈ {1, . . . , t}, there is a homogeneous invertible
element of R[f−1i ] of degree a multiple of deg fj.
(3.1)
For i ∈ {1, . . . , t}, let Ri be the degree-0-part of the ring R[f−1i ] and Vi :=
Spec(Ri). Then Ri⊗A k is the degree-0-part of R[f−1i ] for all i ∈ {1, . . . , t}.
Since Y → X is a geometric quotient under the action of Gr
m,k
, gluing the
family of schemes {Spec(Ri ⊗A k)}1≤i≤t yields a variety isomorphic to X.
Let X be the A-scheme obtained by gluing {Vi}1≤i≤t. Then X is a model of
X over A and comes endowed with a natural morphism pi : Y → X induced
by the inclusions Ri → R[f−1i ] for i ∈ {1, . . . , t}. Since the inclusions
Ri → R[f−1i ] induce surjective morphisms Ui → Vi for all i ∈ {1, . . . , t},
the morphism pi is surjective. Moreover, pi is of finite presentation because
X is noetherian and R[f−1i ] is a finitely generated Ri-algebra for every i ∈
{1, . . . , t}. Since f1, . . . , ft are Zr-homogeneous, the homomorphism
R → A[z1, z−11 , . . . , zr, z−1r ]⊗A R, ηj 7→ zm
(j) ⊗ ηj
induces an action of Grm,A on Y which is given by
s ∗ (y1, . . . , yN ) = (sm(1)y1, . . . , sm(N)yN ) (3.2)
on A-points s = (s1, . . . , sr) ∈ Grm,A(A) and (y1, . . . , yN ) ∈ Y (A), where
sm := sm11 · · · smrr for all m = (m1, . . . ,mr) ∈ Zr.
Moreover, pi is an X-torsor under Grm,A (compatible with the structure
of X-torsor of type λ on Y ) if and only if pi is flat and the morphism of
schemes ψ : Grm,A×SpecAY → Y ×X Y that sends (s, y) 7→ (s∗y, y), obtained
by gluing the morphisms
ψi : R[f
−1
i ]⊗Ri R[f−1i ]→ A[z1, z−11 , . . . , zr, z−1r ]⊗A R[f−1i ],
ηj ⊗ ηl 7→ zm(j) ⊗ ηjηl
for 1 ≤ i ≤ t, is an isomorphism (cf. Definition 1.2).
Remark 3.2. If A = k, then pi : Y → X is a torsor of type λ : Zr →
Pic(X), where the action of Gal(k/k) on Zr is trivial, by fpqc descent.
For X flat over A, we define the type of an X-torsor under Grm,A by
means of the following exact sequence analogous to (2.2)
0→ H1(A,Grm,A) −→ H1(X,Grm,X)
type−→ Homg(Ĝrm,A,PicX/A), (3.3)
which is obtained from the second exact sequence in [CTS87, p. 387] with
base scheme SpecA and group Grm,A via [CTS87, Proposition 1.4.1]. We
recall that Salberger introduced universal torsors for certain schemes defined
over noetherian base schemes [Sal98, Definition 5.14] by considering the
same exact sequence [Sal98, 5.13 (b)] for torsors under A-tori.
Under reasonable hypotheses, the following theorem shows that pi : Y →
X is a torsor under Grm,A whose type Ĝrm,A → PicX/A induces λ at the level
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of k-rational points. In particular, pi is a universal torsor in the sense of
Salberger’s definition if λ = idPic(X).
Theorem 3.3. Let pi be as in Construction 3.1. If (R; f1, . . . , ft) satisfies
the condition that
the degrees of the homogeneous invertible elements of R[f−1i ]
generate Zr for all i ∈ {1, . . . , t}, (3.4)
then pi is an X-torsor under Grm,A. If we additionally assume that X(A) 6=
∅, that X is smooth, projective, of constant relative dimension, and with
geometrically integral fibers over A, and that for every prime ideal p of A
the cohomology groups H i(Xk(p),OXk(p)) vanish for i ∈ {1, 2}, then pi is an
X-torsor under Grm,A whose type Ĝrm,A → PicX/A induces λ at the level of
k-rational points. In particular, if λ = idPic(X), then pi is a universal torsor
of X.
Proof. Flatness of pi is equivalent to flatness of all the inclusions Ri →
R[f−1i ], namely, to injectivity of the induced morphisms J ⊗Ri R[f−1i ] →
R[f−1i ] for all ideals J of Ri. Fix i ∈ {1, . . . , t}. Let J be an ideal of Ri.
A general element in the kernel of the induced morphism J ⊗Ri R[f−1i ] →
R[f−1i ] is h =
∑n
j=1 hj ⊗ h′j , where hj ∈ J has degree 0 and h′j ∈ R[f−1i ],
and such that
∑n
j=1 hjh
′
j = 0 in R[f
−1
i ]. Since R[f
−1
i ] is a graded ring, it is
enough to consider homogeneous elements h, i.e., with all h′j homogeneous
of fixed degree deg h ∈ Zr. Since the degrees of the homogeneous invertible
elements of R[f−1i ] generate Zr, there exists f ∈ R[f−1i ]× of degree deg h.
Then h = (
∑n
j=1 hjh
′
jf
−1)⊗ f = 0 in J ⊗Ri R[f−1i ].
In order to prove that ψ is an isomorphism, it suffices to prove that
all ψi are isomorphisms. Let `1, . . . , `r be the canonical basis of Zr. For
every i ∈ {1, . . . , t} and l ∈ {1, . . . , r}, let hi,l ∈ R[f−1i ]× be a homogeneous
element of degree `l. Then the morphism
ψ˜i : A[z1, z
−1
1 , . . . , zr, z
−1
r ]⊗A R[f−1i ]→ R[f−1i ]⊗Ri R[f−1i ]
that sends
1⊗ ηj 7→ 1⊗ ηj and zl ⊗ 1 7→ hi,l ⊗ h−1i,l
for all j ∈ {1, . . . , N} and l ∈ {1, . . . , r}, is well defined and inverse to ψi,
for all i ∈ {1, . . . , t}.
Under the additional assumptions, the relative e´tale Picard functor of
X over A is representable by a twisted constant A-group scheme PicX/A
by [Pir12, Proposition 2.1]. By [Har77, Corollary III.12.9], R2p∗OX = 0,
where p : X → Spec(A) is the structure morphism. Since Yk is an Xk-
torsor of type λ by Remark 3.2 and the exact sequence (3.3) is functorial,
the type of the torsor Y → X induces λ at the level of k-rational points.
If λ = idPic(X), then Pic(X)
∼= Zr has trivial Galois action by Remark 3.2.
Hence, the group scheme PicX/A is constant and represented by Zr by e´tale
descent, and the morphism
HomA(Ĝrm,A,PicX/A)→ Homk(Ĝrm,k,PicXk/k)
is injective. 
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3.2. Some properties
This section provides sufficient conditions to check the various hypothe-
ses of Theorem 3.3. We start by showing that the model X of Construction
3.1 is independent of the choice of f1, . . . , fm under some conditions.
Lemma 3.4. Let f ′1, . . . , f ′t′ ∈ k[η1, . . . , ηN ] r
√
I be monic monomi-
als such that (R; f1, . . . , ft, f
′
1, . . . , f
′
t′) satisfies the condition (3.1). Let CA
and C ′A be the ideals of A[η1, . . . , ηN ] generated by f1, . . . , ft, g1, . . . , gs, and
f ′1, . . . , f ′t′ , g1, . . . , gs, respectively, and assume that
√
C ′A =
√
CA. Then X
is isomorphic to the A-model X ′ of X constructed using f ′1, . . . , f ′t′ in Con-
struction 3.1.
Proof. For every i ∈ {t + 1, . . . , t + t′}, let fi := f ′i−t, and Vi :=
Spec(Ri), where Ri is the degree-0-part of R[fi
−1]. For 1 ≤ i, j ≤ t + t′,
let hi,j ∈ R[f−1i ]× be a homogeneous element of degree −ni,j deg fj for
some positive integer ni,j , and let Vi,j := Spec(Ri[(f
ni,j
j hi,j)
−1]) ⊆ Vi. Since√
C ′A =
√
CA, the ideal of Ri generated by
ft+1
ni,t+1hi,t+1, . . . , ft+t′
ni,t+t′hi,t+t′
contains fni f
−n
i = 1 for some positive integer n. Hence, Vi =
⋃t+t′
j=t+1 Vi,j for
every i ∈ {1, . . . , t}. Likewise, Vi =
⋃m
j=1 Vi,j for every i ∈ {t+ 1, . . . , t+ t′}.
The identifications Ri[(f
ni,j
j hi,j)
−1] = Rj [(f
nj,i
i hj,i)
−1] inside R[(fifj)−1]
induce isomorphisms Vi,j ∼= Vj,i, for all i, j ∈ {1, . . . , t+t′}, that are compat-
ible on the intersections. The schemes X and X ′ are the gluing of {Vi}1≤i≤t,
and {Vi}t+1≤i≤t+t′ , respectively, along the isomorphisms mentioned above.
Since {Vi,j}1≤i≤t,t+1≤j≤t+t′ is an open covering of X, {Vj,i}1≤i≤t,t+1≤j≤t+t′ is
an open covering of X ′, and all the isomorphisms Vi,j ∼= Vj,i are compatible
on the intersections, they glue to a global isomorphism X ∼= X ′. 
The next three propositions provide sufficient conditions for X having
geometrically integral fibers, and being smooth and projective over A.
Proposition 3.5. If Spec(R) → Spec(A) has geometrically integral
fibers, then X → Spec(A) has geometrically integral fibers.
Proof. Let p be a prime ideal of A, and let k′ be an algebraic extension
of the residue field k(p). Since R⊗A k′ is an integral domain by hypothesis,
the ring Ri ⊗A k′ is an integral domain for all i ∈ {1, . . . , t}. Thus, Xk′ is
covered by a family of integral open subsets {Wi := Spec(Ri ⊗A k′)}1≤i≤t
such that Wi ∩Wj is nonempty for all nonempty Wi and Wj . Indeed, for
i, j ∈ {1, . . . , t}, the intersection Wi ∩Wj is the spectrum of the degree-0-
part of the ring (R⊗A k′)[(fifj)−1], which is nonzero whenever fi and fj are
nonzero elements of R⊗A k′.
Given any nonempty open subset U of Xk′ and nonzero sections s1, s2 ∈
OXk′ (U), there exist i1, i2 ∈ {1, . . . , t} such that sj |U∩Wij 6= 0 for j ∈ {1, 2}.
Therefore, sj |U∩Wi1∩Wi2 6= 0 for j ∈ {1, 2} as Wi1 , Wi2 are integral, and
U ∩ Wi1 , Wi1 ∩ Wi2 are dense in Wi1 . Thus, (s1s2)|U∩Wi1∩Wi2 6= 0 and
s1s2 6= 0 in OXk′ (U). 
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Proposition 3.6. Assume that A is a Dedekind domain, X is smooth,
R is an integral domain, Spec(R) → Spec(A) has geometrically integral
fibers, and pi is flat (the last holds, for example, if (3.4) is satisfied). If the
Jacobian matrix (
∂gi
∂ηj
(y)
)
1≤i≤s
1≤j≤N
has rank N − dimX − r for all y ∈ Y (k(p)) and p ∈ Spec(A), where k(p) is
an algebraic closure of the residue field k(p), then X is smooth over A.
Proof. We prove first that Y is smooth over A. By [Gro67, Proposi-
tion 17.8.2], the scheme Y is smooth over A if and only if Y → Spec(A) is
flat and Yk(p) is smooth over k(p) for all p ∈ Spec(A). Since R is an integral
domain and A → R is injective, R is a flat A-algebra by [Liu02, Corollary
1.2.14] as A is a Dedekind domain, and in particular Y is flat over A.
Since pi : Y → X is a torsor under Gr
m,X
, the fiber Y x of pi at a point
x ∈ X is a trivial k(x)-torsor under Grm,k(x), where k(x) is the residue
field of X at x, (see [Mil80, Corollary III.4.7 and Lemma III.4.10]). Hence,
Y x ∼= Grm,k(x) has dimension r for all x ∈ X, and Y has dimension dimX+r
by [Har77, Exercise II.3.22]. Then dimYk(p) ≥ dimX+r for all p ∈ Spec(A)
by [Gro66, Lemme 13.1.1]. Let p ∈ Spec(A). By the assumptions on
the Jacobian matrix and [Har77, Theorem I.3.2 (c), Theorem I.5.1 and
Proposition I.5.2A], we conclude that dimYk(p) = dimX + r and Yk(p) is
regular at all its closed points. Then Yk(p) is smooth over k(p).
Therefore, X is smooth over A by [Gro67, Proposition 17.7.7], as Y is
smooth over A and pi is flat and surjective. 
Remark 3.7. Assume that X is smooth and Pic(X) is finitely generated.
By [ADHL15, Theorem 1.5.1.1], a Cox ring of X of identity type is an
integral domain, hence also R is an integral domain, as the grading group
of R is free. Then R is an integral domain if and only if I ∩A[η1, . . . , ηN ] =
(g1, . . . , gs).
Proposition 3.8. Assume that f1, . . . , ft have all the same degree m
such that λ(m) is very ample. Let Ck and CA be the ideals of k[η1, . . . , ηN ]
and A[η1, . . . , ηN ], respectively, generated by f1, . . . , ft, g1, . . . , gs. If√
Ck ∩A[η1, . . . , ηN ] =
√
CA,
then X is projective over A.
Proof. Since R is a finitely generated A-algebra, the Veronese subring⊕
n∈NRnm, where Rnm denotes the degree-nm-part of R, is a finitely gen-
erated A-algebra by [ADHL15, Proposition 1.1.2.4]. By [Gro61, Lemme
2.1.6], there exists a positive integer d such that R′ :=
⊕
n∈NRndm is gen-
erated by Rdm as A-algebra. Let f
′
1, . . . , f
′
t′ be generators of the A-module
Rdm.
For all i ∈ {1, . . . , t′}, denote by R′i the degree-0-part of R′[f ′i−1], which
is generated by f ′1f ′i
−1, . . . , f ′t′f
′
i
−1 and coincides with the degree-0-part of
R[f ′i
−1]. We recall that Proj(R′) is defined as gluing of the affine schemes
{V ′i := Spec(R′i)}1≤i≤t′ along the isomorphisms on principal open subsets
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induced by the identifications R′i[f
′
if
′
j
−1] = R′j [f
′
jf
′
i
−1] inside R[(f ′if
′
j)
−1] for
1 ≤ i, j ≤ t′.
Let C ′A be the ideal of A[η1, . . . , ηN ] generated by f
′
1, . . . , f
′
t′ , g1, . . . , gs.
Since
√
CA =
√
CdA and C
d
A ⊆ C ′A by construction, there is an inclu-
sion of radical ideals
√
CA ⊆
√
C ′A. By Corollary 2.64, the polynomials
f ′1, . . . , f ′t′ and g1, . . . , gs generate an ideal of k[η1, . . . , ηN ] whose radical is√
Ck. Hence,
√
C ′A ⊆
√
CA. Since (R; f1, . . . , ft, f
′
1, . . . , f
′
t′) satisfies the
condition (3.1), there is an isomorphism X ∼= Proj(R′) by Lemma 3.4. 
In the applications that we have in mind, X is obtained from P2
k
by a
chain of blowing-ups at closed points. The next proposition provides some
conditions that make Construction 3.1 compatible with such blowing-ups
for Cox rings of identity type. This can be used to verify the cohomology
conditions of Theorem 3.3.
In the situation of Construction 3.1, we assume that X is a smooth
surface and that λ = idPic(X). We assume that the effective divisor on X
corresponding to the section ηi is an integral curve Di for all i ∈ {1, . . . , N},
and that DN is a (−1)-curve on X. Let b : X → X ′ be a birational morphism
that contracts exactly DN according to Castelnuovo’s criterion. For every
i ∈ {1, . . . , N − 1}, let D′i = b(Di). Assume that x = b(DN ) belongs to
D′i exactly for i ∈ {1, 2}, and D1 ∩ D2 = ∅. Then a Cox ring of X
′
is
R
′ ∼= R/(ηN − 1) by [HKL14, Proposition 2.2], and the canonical pull-back
of sections is defined by
b∗ : R′ → R, ηi 7→
{
ηiηN if i ∈ {1, 2};
ηi otherwise.
Let Y
′ ⊆ SpecR′ be the characteristic space of X ′, and let f ′1, . . . , f ′t′ ∈
k[η1, . . . , ηN−1] be monic monomials that define the closed subset of SpecR
′
complement to Y
′
. Let I ′ be the ideal of k[η1, . . . , ηN ] generated by g1, . . . , gs
and ηN − 1. Assume that I ∩ A[η1, . . . , ηN ] = (g1, . . . , gs) and also I ′ ∩
A[η1, . . . , ηN ] = (g1, . . . , gs, ηN−1). Let R′ = R/(ηN−1), and let Y ′ → X ′ be
the A-model of the universal torsor Y
′ → X ′ defined in Construction 3.1. Let
CA and C
′
A be the ideals of A[η1, . . . , ηN ] generated by f1, . . . , ft, g1, . . . , gs
and b∗(f ′1)η1, . . . , b∗(f ′t′)η1, b
∗(f ′1)η2, . . . , b∗(f ′t′)η2, g1, . . . , gs, respectively. We
assume that
√
CA =
√
C ′A, that (3.4) holds for both (R; f1, . . . , ft) and
(R′; f ′1, . . . , f ′t′), and that (η1, η2) is a prime ideal in R
′
.
Proposition 3.9. Under the hypotheses listed above, X is a blowing-up
of X ′ with center the closed subscheme defined by η1, η2.
Proof. Let f ′ ∈ {f ′1, . . . , f ′t′} and f := b∗(f ′). Since PicX ∼= Pic(X
′
)⊕
Z[DN ] and deg ηj = deg b∗ηj − [DN ] for j ∈ {1, 2}, the degrees of the ho-
mogeneous invertible elements of R[(fηj)
−1] generate Pic(X) for j ∈ {1, 2}.
Hence, (3.4) holds for (R; b∗(f ′1)η1, . . . , b∗(f ′t′)η1, b
∗(f ′1)η2, . . . , b∗(f ′t′)η2). Let
X ′f ′ be the spectrum of the degree-0-part R
′
0 of the ring R
′[f ′−1], and let
Xfηj be the spectrum of the degree-0-part R[(fηj)
−1]0 of the ring R[(fηj)−1]
3.2. SOME PROPERTIES 63
for j ∈ {1, 2}. Let X ′f ′ be the complement in X ′ of the support of the effec-
tive divisor corresponding to the section f ′, analogously we define Xf and
Xfηj for j ∈ {1, 2}. By [ADHL15, Corollary 1.6.3.5], X
′
f ′ = Spec(R
′
0⊗Ak).
Since D1 ∩D2 = ∅ in X, Xf = Xfη1 ∪Xfη2 .
Let h1, h2 ∈ R′[f ′−1]× be homogeneous elements of degrees −deg η1,
−deg η2, respectively. Then (η1h1, η2h2) is the ideal of R′0 ⊗A k defining
{x} ∩X ′f ′ .
If f ′ ∈ (η1, η2) in R′, then x /∈ X ′f ′ , and b induces an isomorphism be-
tween Xf = b
−1(X ′f ′) and X
′
f ′ . That is, b
∗ induces an isomorphism between
the degree-0-part of R
′
[f ′−1] and the degree-0-part of R[f−1] that descends
to an isomorphism between R′0 and the degree-0-part R[f−1]0 of R[f−1] with
the quotient morphism as inverse. Moreover, Xfηj is the spectrum of the
degree-0-part of R[(fηjηN )
−1] for j ∈ {1, 2}, as f is a multiple of ηN in
R. Then Xfη1 ∪Xfη2 = Spec(R[f−1]0), as 1 ∈ (η1ηNb∗(h1), η2ηNb∗(h2)) in
R[f−1]0.
If f ′ /∈ (η1, η2) in R′, then x ∈ X ′f ′ , and Xf = b−1(X ′f ′) is the blowing-
up of X
′
f ′ with center x. The blowing-up of X
′
f ′ with center V (η1h1, η2h2)
is covered by two open subsets that are the spectra of the degree-0-parts of
the localizations of
⊕
d≥0(η1h1, η2h2)
d at its degree-1-elements ηjhj for j ∈
{1, 2}, respectively. Such an open covering is isomorphic to the gluing of the
spectra of R′0[ηihi(ηjhj)−1], for {i, j} = {1, 2}. Since, for {i, j} = {1, 2}, b∗
induces an isomorphism R′0[ηihi(ηjhj)−1] → R[(fηj)−1]0 with the quotient
morphism as inverse, the gluing of Xfη1 and Xfη2 is the blowing-up of X
′
f ′
with center V (η1h1, η2h2).
By Lemma 3.4, the scheme X is isomorphic to the gluing of Xb∗(f ′)ηj for
f ′ ∈ {f ′1, . . . , f ′t′} and j ∈ {1, 2}. Hence, it is a blowing-up of X ′ with center
the closed subscheme defined by η1, η2. 

Part 2
Applications to Manin’s conjecture

CHAPTER 4
The universal torsor method
This chapter is devoted to a presentation of the universal torsor method
for Manin’s conjecture. After a historical introduction, we gather the results
of Chapters 1 and 3, and we explain their application. The actual applica-
tion of the method is then supported and further illustrated by the three
examples that constitute the rest of this thesis.
In the first section we introduce the method and fix some notation that
will be used in this and in the remaining chapters. The second section
presents some computations for the torsor parameterization in the case of
split smooth del Pezzo surfaces of degree 4.
4.1. The method
The universal torsor method is one of the techniques developed in re-
sponse to the following conjecture about the distribution of rational points
on Fano varieties formulated by Manin around 1989.
Conjecture 4.1 (Manin). Let X be a Fano variety over a number field
k, and let H : X(k) → R≥0 be the height function induced by an adelic
metrization on the anticanonical line bundle of X. If X(k) is Zariski dense
in X, then there exists an open subset U of X such that
#{x ∈ U(k) : H(x) ≤ B} ∼ CB(logB)r−1
as B → ∞, where C is a constant depending on X and k, and r is the
Picard rank of X.
The conjecture was inspired by a result of Schanuel for projective spaces
[Sch79], which determines an asymptotic formula for the number of rational
points of bounded Weil height
Pnk(k)→ R≥0, (x0 : · · · : xn) 7→
∏
ν∈Ωk
max
0≤i≤n
|xi|ν , (4.1)
over arbitrary number fields k. We recall from page 14 that Ωk and Ω∞
denote the sets of all places and of the infinite places of k, respectively, and
that for every ν ∈ Ωk, the absolute value | · |ν of kν is normalized as follows:
if ν˜ is the place of Q below ν and Qν˜ is the completion of Q at ν˜, then
| · |ν := |Nkν/Qν˜ (·)|ν˜ , where | · |ν˜ is the usual real or p-adic absolute value
on Qν˜ . In general, if X → Pnk is a morphism induced by the anticanonical
sheaf, the function X(k) → R≥0 obtained by composition with the Weil
height (4.1) is an anticanonical height on X.
The conjecture appeared first in [FMT89], where it is proven to hold
for generalized flag varieties, to be invariant under fiber product and com-
patible with the predictions of the circle method for complete intersections
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in projective spaces. In the same paper, it is observed that a variety may
contain proper closed subvarieties where the number of rational points of
bounded height grows faster than on their complement, and hence, domi-
nate the asymptotic behavior. For example, this happens for the 27 lines on
smooth cubic surfaces. These subvarieties are called accumulating subvari-
eties, and the subset U in the conjecture is usually their complement. But
a variety may contain infinitely many Zariski dense accumulating subvari-
eties [BT96], actually at most countably many [BM90]. In all the known
examples the rational points on the accumulating subvarieties form a thin
set in the sense of Serre [Ser89], and one can decide to count points on its
complement (e.g. [Rud14]). The constant C in the asymptotic formula has
been interpreted in terms of local densities on the set of adelic points by
Peyre [Pey95, Pey03], refining thus the conjecture and extending it to a
wider class of varieties that are called quasi-Fano.
Manin’s conjecture has been attacked via harmonic analysis on adelic
points for compactification of certain algebraic groups (e.g. tori [BT96] and
additive groups [CLT02]), via the circle method for certain complete inter-
sections in projective spaces (e.g. [Pey95, Lou15]), and via other lattice
point counting techniques for varieties where the previous methods do not
apply [Bre02, BBD07]. One of the common features of the proofs via
lattice points counting, is the preparatory parameterization of the set of ra-
tional points by integral points on certain higher dimensional affine spaces.
In some cases considering the affine cone of a projective variety is enough,
especially for varieties of Picard number 1. In general it seems that the
parameterizations are induced by torsors of type Pic(X) ⊆ Pic(Xk), which
are universal torsors if the variety X is split, that is, the Galois action on
the geometric Picard group Pic(Xk) is trivial. In some papers the role of
torsors is explicit (e.g. [Sal98, BBP12, BBS14]), but in most cases it is
just mentioned or guessed (e.g. [BBD07, BB07]).
Until recently, except for [Sch79], all proofs making use of parameter-
izations explicitly or implicitly induced by torsors considered varieties over
Q. The first attempt to apply the universal torsor method over number
fields beyond Q (for a toric cubic surface over imaginary quadratic fields of
class number 1 [DJ13], for the same surface over arbitrary number fields
[Fre13], for some other singular del Pezzo surfaces over imaginary quadratic
fields [DF14a, DF14b, DF15]) led to a better understanding of what is
a parameterization via integral points on universal torsors for varieties over
arbitrary number fields. This was presented for the first time in a gen-
eral and systematic way in joint work with Frei [FP14], which contains the
first proof of Manin’s conjecture over arbitrary number fields for a non-toric
variety via the universal torsor method (cf. Chapter 5).
The universal torsor method for Manin’s conjecture consists of a param-
eterization step and a counting step. We fix a Dedekind domain A with field
of fractions k, and a separable closure k of k. In the applications k will be a
number field and A its ring of integers. The parameterization step is stated
at this level of generality by the following theorem that gathers some results
from Theorems 1.10 and 3.3.
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Theorem 4.2. Let X be a smooth projective geometrically integral k-
variety with X(k) 6= ∅. Assume that k[Xk]× = k
×
, that Pic(X) ∼= Zr, and
that Xk has a Cox ring R of type Pic(X) ⊆ Pic(Xk) that is finitely generated
as k-algebra. Let pi : Y → Xk be a torsor of type Pic(X) ⊆ Pic(Xk).
Write R = k[η1, . . . , ηN ]/(g1, . . . , gs) with g1, . . . , gs ∈ A[η1, . . . , ηN ], and
let R := A[η1, . . . , ηN ]/(g1, . . . , gs). Assume that SpecR r Y is defined by
monic monomials f1, . . . , ft in the variables η1, . . . , ηN , and that the degrees
of the homogeneous invertible elements in R[f−1i ] generate Pic(X) for all
i ∈ {1, . . . , t}.
Then
(1) there exists A-schemes X and Y and a morphism p˜i : X → Y ,
such that Xk ∼= X, Yk ∼= Y , p˜i is an X -torsor under Grm,A and
induces pi under base extension.
(2) If X is proper,
X(k) =
⊔
c∈Cr
cp˜i(cY (A))
under the inclusion X (A) ⊆ X(k), where C is a system of repre-
sentatives for the class group of A and cp˜i : cY → X is a twist of
p˜i by c.
(3) For every c ∈ C, the set cY (A) is equal to the set of all y ∈ kN
whose coordinates yi lie in the fractional ideals c
deg ηi, satisfying the
coprimality conditions expressed by
t∑
i=1
fi(y)c
− deg fi = A
and the torsor equations
gj(y) = 0 for all j ∈ {1, . . . , s}.
We restrict now to the case of a number field, and we denote by Ok its
ring of integers. Assume that X is quasi-Fano, let H be an anticanonical
height, and assume that the complement of the union of the accumulating
subvarieties inX is an open subset U . We keep using the notation introduced
in the theorem. After the parameterization step, the cardinality NU,H,k(B)
of the set {x ∈ U(k) : H(x) ≤ B} is∑
c∈Cr
#
({y ∈ cY (Ok) ∩ p˜i−1(U(k)) : H(pi(y)) ≤ B}/(O×k )r) .
If we decompose O×k as a direct product of its torsion subgroup uk with a
free subgroup Uk,
NU,H,k(B) =
1
#urk
∑
c∈Cr
#
({y ∈ cY (Ok) ∩ p˜i−1(U(k)) : H(pi(y)) ≤ B}/U rk ) .
Let F be a fundamental domain for the action of U rk on Yk(k) ⊆ kN ,
then the counting problem consists of estimating the cardinality of the sets
Ac(B) of points y in the lattice
⊕N
i=1 c
deg ηi ⊆ kN such that
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(a) gi(y) = 0 for all i ∈ {1, . . . , s};
(b)
∑t
i=1 fi(y)c
− deg fi = Ok;
(c) pi(y) ∈ U ;
(d) y ∈ F ;
(e) H(pi(y)) ≤ B.
Usually, condition (d) is the hardest to handle because different choices of
the fundamental domain F may lead to very different subsets of kN defined
by (a),. . . ,(e), usually unbounded. This explains why most of the applica-
tions of the universal torsor method over number fields beyondQ is restricted
to imaginary quadratic fields. The condition (b) is typically handled by
Mo¨bius inversion, see Section 6.2 for an example. In some cases (cf. Propo-
sition 4.7 and Section 5.2) condition (c) enables to express some coordinates
in terms of the others via (a). Moreover, if (c) forces some coordinates yi to
be nonzero, the condition yi ∈ cdeg ηi gives N(yi) ≥ N(cdeg ηi) > 0. This new
condition combined with the height condition (e) could lead to count lattice
points in bounded regions inside the R-vector space
∏
ν∈Ω∞ kν (cf. Section
6.3).
4.2. Smooth quartic del Pezzo surfaces
We now compute an integral model of a universal torsor for smooth split
del Pezzo surfaces of degree 4 over number fields. We also describe the lifting
of the height function to the twisted torsors and the preimage of the open
subset complement to the accumulating subvarieties.
Let k be a number field. We denote by Ok its ring of integers, and we fix
an algebraic closure k of k. Let X be a smooth del Pezzo surface of degree
4 over k such that the action of Gal(k/k) on Pic(Xk) is trivial. Wihtout
loss of generality we can assume that X is a blowing-up ψ : X → P2k in the
following 5 points
P1 := (1 : 0 : 0), P2 := (0 : 1 : 0), P3 := (0 : 0 : 1),
P4 := (1 : 1 : 1), P5 := (a : b : c),
where a 6= b 6= c 6= a and a, b, c ∈ Okr{0}. For 1 ≤ i ≤ 5, let Di := ψ−1(Pi)
be the exceptional divisor associated to Pi, and `i := [Di] its class in Pic(X).
Let `0 be the class of the inverse image under ψ of a line in P2k. Then `0, . . . , `5
form a basis of Pic(X) = Pic(Xk)
∼= Z6.
For every 1 ≤ i < j ≤ 5, let Di,j be the strict transform under ψ of the
line in P2k passing through Pi and Pj . Let D0 be the strict transform under
ψ of the conic in P2k passing through P1, . . . , P5. Then [Di,j ] = `0 − `i − `j
for all 1 ≤ i < j ≤ 5, and [D0] = 2`0 − `1 − `2 − `3 − `4 − `5.
By [Tsc09, Example 5.3.2], a Cox ring R of Xk of identity type is a
Pic(Xk)-graded k-algebra with 16 homogeneous generators and 20 homoge-
neous relations. We denote the generators by ηi for 0 ≤ i ≤ 5 and ηi,j for
1 ≤ i < j ≤ 5, where ηi has degree [Di] and ηi,j has degree [Di,j ] for all i
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and j. According to [Tsc09, Example 5.3.2], the 20 relations are
η2,3η4,5 + η2,4η3,5 − η2,5η3,4, aη0η1 + bη2,4η3,5 − cη2,5η3,4 (4.2)
of degree [D0] + `1,
η1,3η4,5 + η1,4η3,5 − η1,5η3,4, aη0η2 + bη1,4η3,5 − aη1,5η3,4 (4.3)
of degree [D0] + `2,
η1,2η4,5 + η1,4η2,5 − η1,5η2,4, aη0η3 + cη1,4η2,5 − aη1,5η2,4 (4.4)
of degree [D0] + `3,
η1,5η2,3 + η1,2η3,5 − η1,3η2,5, aη0η4 + (b− a)η1,2η3,5 − (c− a)η1,3η2,5
(4.5)
of degree [D0] + `4,
η1,4η2,3 + η1,2η3,4 − η1,3η2,4, a2η0η5 + c(b− a)η1,2η3,4 − b(c− a)η1,3η2,4
(4.6)
of degree [D0] + `5,
η1,4η4 + η1,3η3 − η1,2η2, aη1,5η5 + bη1,3η3 − cη1,2η2 (4.7)
of degree `0 − `1,
η2,4η4 + η2,3η3 − η1,2η1, aη2,5η5 + bη2,3η3 − aη1,2η1 (4.8)
of degree `0 − `2,
η3,4η4 + η2,3η2 − η1,3η1, aη3,5η5 + cη2,3η2 − aη1,3η1 (4.9)
of degree `0 − `3,
η1,4η1 + η3,4η3 − η2,4η2, aη4,5η5 + (b− a)η3,4η3 − (c− a)η2,4η2 (4.10)
of degree `0 − `4, and
aη1,5η1 + bη3,5η3 − cη2,5η2, aη4,5η4 + (b− a)η3,5η3 − (c− a)η2,5η2 (4.11)
of degree `0 − `5.
We denote by K a canonical divisor on X. The anticanonical class
[−K] = 3`0−`1−`2−`3−`4−`5 is very ample and induces a closed immersion
X → P4k, whose image is defined by two homogeneous polynomials of degree
2. In the next proposition we compute a basis of H0(Xk,OXk(−K)).
Proposition 4.3. The monomials
η1η2,5η1,3η1,4, η2η1,3η2,4η2,5, η3η2,4η1,3η3,5, η4η3,5η1,4η2,4, η5η1,4η2,5η3,5
(4.12)
form a basis of the k-vector space R[−K].
Proof. Since Xk is a smooth del Pezzo surface and R[−K] is isomorphic
to H0(Xk,OXk(−K)), the dimension of R[−K] is computed as 9− d, where
d is the degree of Xk. The k-vector space R[−K] is generated by the mono-
mials of degree [−K] in the generators ηi, ηi,j . These are the 10 monomials
η0ηiηjηi,j for 1 ≤ i < j ≤ 5 and the 30 monomials hi,j,l := ηiηj,lηi,mηi,n
for {i, j, l,m, n} = {1, . . . , 5}. Here ηi,j := ηj,i if i > j. Using the relations
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(4.2),. . . ,(4.6) among the generators of R, we see that R[−K] is generated by
the 30 monomials hi,j,l, as
aη0η1η2η1,2 = ch2,3,4 − bh2,3,5, aη0η2η3η2,3 = ah3,1,5 − bh3,1,4,
aη0η1η3η1,3 = ch3,2,5 − bh3,2,4, aη0η2η4η2,4 = ah4,1,5 − bh4,3,5,
aη0η1η4η1,4 = ch4,2,5 − bh4,3,5, aη0η2η5η2,5 = ah5,3,4 − bh5,1,4,
aη0η1η5η1,5 = ch5,3,4 − bh5,2,4, aη0η3η4η3,4 = ah4,1,5 − ch4,2,5,
aη0η4η5η4,5 = (c− a)h5,1,3 − (b− a)h5,1,2, aη0η3η5η3,5 = ah5,2,4 − ch5,1,4.
Using the other relations one proves that the monomials hi,j,l all belong to
the vector space spanned by h1,2,5, h2,1,3, h3,2,4, h4,3,5, h5,1,4 in the following
order: h2,3,5 and h5,2,4 via (4.7), h1,3,5 and h3,1,4 via (4.8), h2,1,4 and h4,2,5
via (4.9), h3,2,5 and h5,1,3 via (4.10), h1,2,4 and h4,1,3 via (4.11), h2,3,4 and
h5,3,4 via (4.7), h1,4,5 and h3,4,5 via (4.8), h2,1,5 and h4,1,5 via (4.9), h3,1,2
and h5,1,2 via (4.10), h1,2,3 and h4,2,3 via (4.11), h2,4,5 and h5,2,3 via (4.7),
h1,3,4 and h3,1,5 via (4.8), and h4,1,2 via (4.9). 
Using the basis in Proposition 4.3, we can find the equations defining
the image of an anticanonical embedding of Xk in P
4
k
.
Proposition 4.4. An anticanonical image of Xk in P
4
k
is the closed
subvariety defined by the equations{
cx2(x4 − x5) + (a− b)x3(x1 − x5) = 0
x1(cx4 + (c− b)x3) + x5(bx3 − cx2) = 0
in the homogeneous coordinates (x1 : · · · : x5) on P4k.
Proof. The morphism Ψ : Y → P4
k
that sends (ηi, ηj,l) 0≤i≤5
1≤j<l≤5
to
(η1η2,5η1,3η1,4 : η2η1,3η2,4η2,5 : η3η2,4η1,3η3,5 : η4η3,5η1,4η2,4 : η5η1,4η2,5η3,5)
factors as the composition of a closed immersion Xk → P4k induced by a
basis of H0(Xk,OXk(−K)) corresponding to the elements (4.12) after the
universal torsor morphism Y → Xk. The image of Ψ is the closed subvariety
of P4
k
defined by the two quadratic equations in the statement. 
Now we choose suitable monomials that define the complement of a
universal torsor in SpecR and satisfy the condition (3.4) with respect to
the integral model of R that we consider below. Let I be the ideal of R
generated by the monomials (4.12). Let J be the ideal of R generated by
the monomials
η1,2η1,5, η1,2η2,3, η1,5η4,5, η2,3η3,4, η3,4η4,5. (4.13)
Proposition 4.5. The open subscheme Y complement to V (IJ) in
SpecR is a universal torsor of Xk.
Proof. Since −K is very ample, the open subscheme Y complement
to V (I) in SpecR is a universal torsor of Xk by Corollary 2.64. As in the
proof of Proposition 4.3, we denote by hi,j,l the monomial ηiηj,lηi,mηi,n for
{i, j, l,m, n} = {1, . . . , 5}. The monomials
h1,3,4, h2,4,5, h3,1,5, h4,1,2, h5,2,3 ∈ J
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form a basis of R[−K], because the relations (4.7),. . . ,(4.11) give
h1,2,5 = h1,3,4 − h2,4,5 − h4,1,2 + (c− a)−1((b− c)h3,1,5 + ah5,2,3),
h2,1,3 =
(b− a)h1,3,4 − bh4,1,2
b− c − h2,4,5 +
(b− a)h3,1,5 + ah5,2,3
c− a ,
h3,2,4 =
(c− a)h1,3,4 − ch4,1,2
b− c + h3,1,5 +
ah5,2,3 − ch2,4,5
b
,
h4,3,5 = h1,3,4 − h3,1,5 − h4,1,2 − b−1((b− c)h2,4,5 + ah5,2,3),
h5,1,4 = h1,3,4 − h4,1,2 − h5,2,3 + a−1((c− a)h2,4,5 − bh3,1,5).
(4.14)
Therefore, I ⊆ J , and the ideals I and IJ define the same closed subset of
SpecR. 
Let Ok be the ring of integers of k. We construct now an Ok-model of
the universal torsor Y → Xk that is a torsor under G6m,Ok .
Let f1, . . . , f25 be the monomials that we obtain by multiplying the
monomials (4.12) with the monomials (4.13). Then f1, . . . , f25 generate
the ideal IJ , and hence, define the complement of the universal torsor Y in
SpecR by Proposition 4.5. Let R be the quotient of the polynomial ring
over Ok in the 16 variables ηi, ηj,l, with 0 ≤ i ≤ 5 and 1 ≤ j < l ≤ 5, by
the ideal generated by the polynomials (4.2),. . . ,(4.11), and let Y → X
be the Ok-model of the universal torsor Y → Xk defined by f1, . . . , f25 in
Construction 3.1. We observe that the degrees of the variables ηj and ηj,l
appearing in fi generate Pic(Xk) for all i ∈ {1, . . . , 25}. Since these variables
are invertible in R[f−1i ], the morphism Y →X is a torsor under G6m,Ok by
Theorem 3.3.
Let I ′ and I ′′ be the ideals of R generated by the monomials (4.12)
and by f1, . . . , f25, respectively. From now on we assume that
√
I ′ =
√
I ′′,
namely, that the complement of Y in SpecR is defined by the monomials
(4.12). This holds, for example, if a, b, b−c and c−a belong to O×k , because
under such assumption the equations (4.14) have coefficients in Ok. For a
concrete example, let k be a number field that contains a primitive 6-th root
of unity ζ, and take a = ζ, b = ζ2 and c = ζ + ζ2.
To describe the lifting of the anticanonical height function induced by the
embedding in Proposition 4.4 to the twisted torsors, we consider a system C
of representatives for the class group of Ok. For any given c = (c0, . . . , c5) ∈
C6, we denote by cpi : cY → X the twist of Y constructed in Definition
1.9. The height H : X(k)→ R≥0, defined as the Weil height (4.1) after the
anticanonical embedding in P4k given in Proposition 4.4, lifts to the twisted
torsors as follows.
Proposition 4.6. Let c ∈ C. If √I ′ = √I ′′,
H(cpi(y)) = N(c
−3
0 c1 · · · c5)
∏
ν∈Ω∞
max

|y1y2,5y1,3y1,4|ν , |y2y1,3y2,4y2,5|ν ,
|y3y2,4y1,3y3,5|ν , |y4y3,5y1,4y2,4|ν ,
|y5y1,4y2,5y3,5|ν
 .
for all y = (yi, yj,l) 0≤i≤5
1≤j<l≤5
∈ cY (Ok).
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Proof. For y ∈ cY (Ok), let
h1(y) := y1y2,5y1,3y1,4, h2(y) := y2y1,3y2,4y2,5, h3(y) := y3y2,4y1,3y3,5,
h4(y) := y4y3,5y1,4y2,4, h5(y) := y5y1,4y2,5y3,5.
(4.15)
By Theorem 1.10, every y ∈ cY (Ok) satisfy
5∑
i=1
hi(y)c
−3
0 c1 · · · c5 = Ok,
and hi(y)c
−3
0 c1 · · · c5 is an integral ideal of Ok for all i ∈ {1, . . . , 5}. For
every prime ideal p of Ok, let np ∈ Z such that c−30 c1 · · · c5 =
∏
p p
np , where∏
p denotes a product over the prime ideals of Ok. For every prime ideal
p of Ok, there exists i ∈ {1, . . . 5} such that p does not divide the ideal
hi(y)c
−3
0 c1 · · · c5, that is, |hi(y)|ν = N(p)np ≥ |hj(y)|ν for all j ∈ {1, . . . , 5},
where ν is the finite place of k associated with p. 
The preimage of the open subset U of X complement of the union of
the 16 lines Di, Dj,l, with 0 ≤ i ≤ 5 and 1 ≤ j < l ≤ 5, under the torsor
morphism pi : Yk → X is defined by
5∏
i=0
ηi
∏
1≤j<l≤5
ηj,l 6= 0.
Therefore, it is contained in an closed subset of a 10-dimensional affine space
defined by the two cubic equations in the proposition below.
Proposition 4.7. Let c ∈ C6. If √I ′ = √I ′′ and a ∈ O×k , the set
cY (Ok) ∩ (pi−1(U))(k) is equal to the set of all
y = (y1, y2, y3, y4, y5, y1,3, y1,4, y2,4, y2,5, y3,5) ∈ (k×)10
whose coordinates yi, yi,j lie in the fractional ideals c
deg ηi, cdeg ηi,j , respec-
tively, satisfying the coprimality conditions
5∑
i=1
hi(y)c
−3
0 c1 · · · c5 = Ok,
with hi defined in (4.15), and the two equations
(b− a)y1y3y1,3 + (b− a)y1y4y1,4 − by2y4y2,4 + ay2y5y2,5 = 0,
(c− a)y1y3y1,3 + cy1y4y1,4 − cy2y4y2,4 + ay3y5y3,5 = 0.
Proof. By Theorem 1.10, the set cY (Ok) is equal to the set of y =
(y0, . . . , y5, y1,2, . . . , y4,5) ∈ k16, with yi ∈ cdeg ηi for all 0 ≤ i ≤ 5 and
yi,j ∈ cdeg ηi,j for all 1 ≤ i < j ≤ 5, that are common zeros of the polynomials
(4.2),. . . ,(4.11) and satisfy
5∑
i=1
hi(y)c
−3
0 c1 · · · c5 = Ok.
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If
∏5
i=0 yi
∏
1≤j<l≤5 yj,l 6= 0, then
y1,2 = y
−1
2 (y3y1,3 + y4y1,4) via (4.7),
y1,5 = (ay1)
−1(cy2y2,5 − by3y3,5) via (4.11),
y2,3 = (y2y3)
−1(y1y3y1,3 + y1y4y1,4 − y2y4y2,4) via (4.9) and (4.10),
y3,4 = y
−1
3 (y2y2,4 − y1y1,4) via (4.10),
y4,5 = (ay4)
−1((c− a)y2y2,5 − (b− a)y3y3,5) via (4.11),
y0 = (ay1y3)
−1(cy2y2,4y2,5 − cy1y1,4y2,5 − by3y2,4y3,5),
where the last equality is obtained from (4.3) and from the previous compu-
tations. The localization of the ring R at the element
∏5
i=0 ηi
∏
1≤j<l≤5 ηj,l
is hence isomorphic to the quotient of the Ok-algebra
Ok[η1, η2, η3, η4, η5, η1,3, η1,4, η2,4, η2,5, η3,5][(η1η2η3η4η5η1,3η1,4η2,4η2,5η3,5)
−1]
by the ideal generated by
(b− a)η1η3η1,3 + (b− a)η1η4η1,4 − bη2η4η2,4 + aη2η5η2,5 = 0,
(c− a)η1η3η1,3 + cη1η4η1,4 − cη2η4η2,4 + aη3η5η3,5 = 0. 

CHAPTER 5
A singular quartic del Pezzo surface
Let k be a number field, and let S be the the anticanonically embedded
singular del Pezzo surface of degree 4 and type A3 + A1 given in P4k by the
equations
x0x3 − x2x4 = x0x1 + x1x3 + x22 = 0. (5.1)
Let U be the complement of the lines in S, and let H be the anticanonical
height on S(k) induced by the Weil height on P4k(k),
H(x0 : · · · : x4) :=
∏
ν∈Ωk
max{|x0|ν , . . . , |x4|ν}.
We are interested in the asymptotic behavior of
NU,H,k(B) := #{x ∈ U(k) : H(x) ≤ B} (5.2)
as B →∞.
Manin’s conjecture for S over arbitrary number fields is proven in joint
work with Frei [FP14]. There, we parameterize the set of k-rational points
on U via integral points on an Ok-model of the universal torsor of a mini-
mal desingularization of S, and then we prove Manin’s conjecture for S via
refined lattice points counting techniques. We include here the parameteri-
zation step of the universal torsor method from the same paper.
5.1. An integral model
Let k be an algebraic closure of k, and Xk the minimal desingularization
of Sk as in [Der14]. The aim of this section is to apply Theorem 1.10 to an
Ok-model of a universal torsor of Xk obtained by Construction 3.1 in order
to get a parameterization of U(k) via integral points on twisted torsors. An
elementary application of the results in [DF14a] would lead to the same
parameterization.
We start by describing the universal torsor of Xk inside the spectrum
of the associated Cox ring. By the data provided in [Der14, §3.4], Xk is a
blowing-up of P2
k
in five points in almost general position with Picard group
Pic(Xk)
∼= Z6, and a Cox ring of Xk of identity type is a Pic(Xk)-graded
k-algebra with nine generators and one homogeneous relation:
R = k[η1, . . . , η9]/(η1η9 + η2η8 + η3η
2
4η
3
5η7).
For i ∈ {1, . . . , 9}, the degree of ηi is [Di] ∈ Pic(Xk), where [Di] are the
divisor classes listed below. Let `0, . . . , `5 be the basis of Pic(Xk) given in
[Der14]. Then the intersection form is defined by `20 = 1, `
2
i = −1 for
1 ≤ i ≤ 5, and `i.`j = 0 for all 0 ≤ i < j ≤ 5. The classes
[D1] = `5, [D2] = `4, [D5] = `3
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are the (−1)-curves on Xk,
[D3] = `1 − `2, [D4] = `2 − `3,
[D6] = `0 − `1 − `4 − `5, [D7] = `0 − `1 − `2 − `3
are the (−2)-curves on Xk, and
[D8] = `0 − `4, [D9] = `0 − `5.
The Dynkin diagram in Figure 1 encodes the configuration of curves on
Xk. For any i 6= j the number of edges between Di and Dj is the intersection
D9 D1
D7 D5 D4 D3 D6
D8 D2
Figure 1. Configuration of curves on Xk.
number [Di].[Dj ]. For all 1 ≤ i < j ≤ 9 such that [Di].[Dj ] = 0, we call Ji,j
the ideal of R generated by ηi and ηj , and we define
J :=
∏
1≤i<j≤9
Di.Dj=0
Ji,j . (5.3)
The following computations prove that the open subscheme Y of SpecR
complement to V (J) is defined by the global sections of a very ample divisor
on Xk. Therefore, it is a universal torsor of Xk by Corollary 2.64.
For all 1 ≤ i < j ≤ 9, let Ai,j :=
∏
l∈{1,...,9}\{i,j} ηl, and A7,8,9 :=
η1η2η3η4η5η6. Let J
′ be the ideal of R generated by the following monomials:
A7,8,9, A1,6, A1,9, A2,6, A2,8, A3,4, A3,6, A4,5, A5,7. (5.4)
Let [D] := 9`0 − 3`1 − 2`2 − `3 − `4 − `5, and let I be the ideal of
R generated by
⊕
n∈Z>0 Rn[D]. Let I
′ be the ideal of R generated by the
following monomials, coming from the relations in the right column:
A1,2,6 := η3η4η5η7η8η9 [D] = [4D3 + 9D4 + 15D5 + 7D7 +D8 +D9],
A1,3,6 := η2η4η5η7η8η9 [D] = [4D2 +D4 + 3D5 + 3D7 + 5D8 +D9],
A2,3,6 := η1η4η5η7η8η9 [D] = [4D1 +D4 + 3D5 + 3D7 +D8 + 5D9],
A4,5,8 := η1η2η3η6η7η9 [D] = [7D1 + 2D2 +D3 + 3D6 +D7 + 5D9],
A4,5,9 := η1η2η3η6η7η8 [D] = [2D1 + 7D2 +D3 + 3D6 +D7 + 5D8],
A5,7,8 := η1η2η3η4η6η9 [D] = [8D1 + 5D2 + 3D3 +D4 + 6D6 + 3D9],
A5,7,9 := η1η2η3η4η6η8 [D] = [5D1 + 8D2 + 3D3 +D4 + 6D6 + 3D8],
A7,8,9 := η1η2η3η4η5η6 [D] = [8D1 + 8D2 + 6D3 + 4D4 + 3D5 + 9D6],
A1,2,8,9 := η3η4η5η6η7 [D] = [6D3 + 12D4 + 19D5 +D6 + 8D7],
A1,3,4,9 := η2η5η6η7η8 [D] = [6D2 +D5 +D6 + 2D7 + 6D8],
A2,3,4,8 := η1η5η6η7η9 [D] = [6D1 +D5 +D6 + 2D7 + 6D9].
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Proposition 5.1. The open subscheme Y complement to V (J) in SpecR
is a universal torsor of Xk.
Proof. According to [Der14, §3.4], the surface Xk is a blowing-up
of P2
k
in five points. Such a description of Xk allows us to determine the
irreducible curves and the intersection pairing on Xk (see [Har77, §V.3]),
and to show that the divisor class [D] is ample by the Nakai-Moishezon
criterion. Then, by Corollary 2.64, the complement of the closed subset of
SpecR defined by I is a universal torsor of Xk.
To finish the proof, it suffices to show that
√
I =
√
J . Computing
generators of the product (5.3) shows that J ⊆ J ′ ⊆ √J . The ideal I is
generated by the monomials
∏9
i=1 η
ei
i of degree n[D] for n > 0. Solving the
linear equations
∑9
i=1 ei[Di] = n[D] for nonnegative integers e1, . . . , e9 and
arbitrary n > 0, one finds that I ⊆ I ′ ⊆ √I. Moreover, J ′ ⊆ I ′. Using the
relation among the generators of R, we prove that I ′ ⊆ √J by the following
computations:
η8A1,6 + η9A2,6 = −η3η24η35η7A1,2,6, η24η35η7A1,6 + η9A3,6 = −η2η8A1,3,6,
η8A3,6 + η
2
4η
3
5η7A2,6 = −η1η9A2,3,6, η2η3η4η25η7A2,8 + η2A4,5 = −η1η9A4,5,8,
A1,9 +A2,8 = −η3η24η35η7A1,2,8,9, η2η3η24η25A2,8 + η2A5,7 = −η1η9A5,7,8,
η4η
3
5η7A2,8 +A3,4 = −η1η9A2,3,4,8, η1η3η4η25η7A1,9 + η1A4,5 = −η2η8A4,5,9,
η4η
3
5η7A1,9 +A3,4 = −η2η8A1,3,4,9, η1η3η24η25A1,9 + η1A5,7 = −η2η8A5,7,9.

We construct now an Ok-model of the universal torsor Y → Xk which
is a universal torsor over a projective Ok-model of Xk.
Let f1, . . . , f9 be the following monomials of degree [D]:
η81η
8
2η
6
3η
4
4η
3
5η
9
6, η
3
2η3η
3
4η
6
5η
4
7η
4
8η9, η
5
2η3η
2
4η
4
5η6η
3
7η
5
8,
η31η3η
3
4η
6
5η
4
7η8η
4
9, η
5
1η3η
2
4η
4
5η6η
3
7η
5
9, η
5
1η2η5η6η
2
7η8η
5
9,
η21η
2
2η4η
3
5η
3
7η
3
8η
3
9, η
6
1η
3
2η3η
3
6η7η8η
4
9, η
7
1η
6
2η
3
3η4η
6
6η8η
2
9.
Comparing f1, . . . , f9 with the generators of J
′, we see that the radical of
the ideal of R generated by f1, . . . , f9 is
√
J ′ =
√
J . Hence, f1, . . . , f9
define the complement of the universal torsor Y of Xk in SpecR. Let R :=
Ok[η1, . . . , η9]/(η1η9 + η2η8 + η3η
2
4η
3
5η7), and let Y → X be the Ok-model
of the universal torsor Y → Xk defined by f1, . . . , f9 in Construction 3.1.
Some properties of this model are described in the following proposition,
which is an application of the results of Chapter 3.
Proposition 5.2. (i) The scheme X is smooth, projective, and
with geometrically integral fibers over Ok.
(ii) For every prime ideal p of Ok, the fibre Xk(p) is obtained from P2k(p)
by a chain of 5 blowing-ups at k(p)-points.
(iii) The morphism Y →X is a universal torsor under G6m,X .
Proof. Simple computations show that the degrees of the variables ηj
appearing in fi generate Pic(Xk) for all i ∈ {1, . . . , 9}. Since these ηj are
invertible in R[fi
−1], the condition (3.4) holds for (R; f1, . . . , f9).
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Since g := η1η9 + η2η8 + η3η
2
4η
3
5η7 is irreducible in k(p)[η1, . . . , η9] for all
prime ideals p of Ok, the Ok-scheme X has geometrically integral fibers by
Proposition 3.5.
The Jacobian matrix (∂g/∂ηi)1≤i≤9 is
(η9, η8, η
2
4η
3
5η7, 2η3η4η
3
5η7, 3η3η
2
4η
2
5η7, 0, η3η
2
4η
3
5, η2, η1),
and has rank 1 on Y (k(p)) because the monomials f1, . . . , f9 belong to the
ideal generated by η1, η2. Then X is smooth by Proposition 3.6.
To verify the hypotheses of Proposition 3.8, we define C ′
k
and C ′Ok as the
ideals of k[η1, . . . , η9] and Ok[η1, . . . , η9] generated by the monic monomials
in (5.4) and g. One can check that C ′
k
has a Gro¨bner basis {h1, . . . , hl} ⊆ C ′Ok
consisting of polynomials whose coefficients are all equal to 1. This implies
that C ′
k
∩ Ok[η1, . . . , η9] = (h1, . . . , hl) = C ′Ok .
Since the radical of the ideal Ck (resp. COk) generated by f1, . . . , f9 and
g in k[η1, . . . , η9] (resp. in Ok[η1, . . . , η9]) coincides with the radical of C
′
k
(resp. of C ′Ok), the hypotheses of Proposition 3.8 are satisfied. Hence, X is
projective over Ok.
To prove (ii), let p be a prime ideal of Ok, and k(p) an algebraic closure of
the residue field k(p). By the data provided in [Der14], Xk is a blowing-up
of a split toric k-variety X ′
k
at a closed point and with exceptional divisor
corresponding to the section η1 ∈ R. The center of the blowing-up b :
Xk → X ′k is the intersection of the prime divisors of X ′k corresponding to
the sections η6, η9 in the Cox ring R
′
of X ′
k
under the identification
R
′ ∼= R/(η1 − 1) ∼= k[η2, . . . , η9]/(η9 + η2η8 + η3η24η35η7)
provided by [HKL14, Proposition 2.2]. The rays of the fan ∆ defining X ′
k
correspond to the generators η2, . . . , η8 of R
′
. We denote them by ρ2, . . . , ρ8
(see Figure 2). Let X ′ be the Ok-toric scheme defined by ∆ as in [Sal98,
ρ7
ρ8
ρ2
ρ6 ρ3 ρ4 ρ5
Figure 2. The fan ∆.
Remarks 8.6 (b)], and
R′ := Ok[η2, . . . , η9]/(η9 + η2η8 + η3η24η
3
5η7)
∼= Ok[η2, . . . , η8].
The fan ∆ has 7 maximal cones. For 1 ≤ i ≤ 7, let f ′i be the product
∏
ηj
running over the indices j ∈ {2, . . . , 8} such that the ray ρj does not belong
to the i-th maximal cone. By [Sal98, §8], the monomials f ′1, . . . , f ′7 define
the complement of the universal torsor of X ′
k
contained in SpecR
′
.
For every i ∈ {1, . . . , 7}, the open affine toric subvariety of X ′
k
corre-
sponding to the i-th maximal cone has trivial Picard group, and its com-
plement consists of the effective divisor defined by the section f ′i . Hence,
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(R′; f ′1, . . . , f ′7) satisfies (3.4), andX ′ is the Ok-model of X ′ defined by Con-
struction 3.1.
Recall the notation before Proposition 3.9. Since the radical of the ideal
of Ok[η1, . . . , η9] generated by f1, . . . , f9 is the radical of the ideal generated
by b∗(f ′1)η6, . . . , b∗(f ′7)η6, b∗(f ′1)η9, . . . , b∗(f ′7)η9, the model X is a blowing-
up of X ′ with center the closed subscheme defined by η6, η9 by Proposition
3.9.
Since this closed subscheme is flat over Ok, the variety Xk(p) is the
blowing-up of X ′k(p) in the k(p)-point defined by η6, η9. Moreover, X
′
k(p) is
the split toric k(p)-variety defined by ∆, which is obtained from P2k(p) by
four toric blowing-ups at k(p)-points. Therefore, H i(Xk(p),OXk(p)) = 0 for
i ∈ {1, 2} by [Har77, Proposition V.3.4] and [Ful93, p. 74]. Hence, all the
hypotheses of Theorem 3.3 are satisfied. 
5.2. Parameterization
The action of G6m,Ok(Ok)
∼= (O×k )6 on Y (Ok) is given by (3.2), where
m(1), . . . , m(9) ∈ Z6 denote the degrees of η1, . . . , η9, respectively, under the
identification Pic(Xk)
∼= Z6 provided by the basis `0, . . . , `5. Namely,
m(1) = (0, 0, 0, 0, 0, 1),m(2) = (0, 0, 0, 0, 1, 0),m(3) = (0, 1,−1, 0, 0, 0),
m(4) = (0, 0, 1,−1, 0, 0),m(5) = (0, 0, 0, 1, 0, 0),m(6) = (1,−1, 0, 0,−1,−1),
m(7) = (1,−1,−1,−1, 0, 0),m(8) = (1, 0, 0, 0,−1, 0),m(9) = (1, 0, 0, 0, 0,−1).
Before we apply Theorem 1.10 to obtain a parameterization of U(k) by
integral points on twists of Y , we describe the preimage of U inside the
universal torsor, and we fix some more notation.
Let X :=Xk, Y := Yk, and pi : Y → X the base change of the universal
torsor morphism Y → X under the inclusion Ok ⊆ k. We observe that pi
is a universal torsor of X by Remark 3.2.
Let Ψ : Y → Sk be the composition of the universal torsor morphism
Y → Xk with the minimal desingularization morphism Xk → Sk. According
to [Der14, §3.4], the map Ψ : Y (k) → Sk(k) sends a point (y1, . . . , y9) ∈
Y (k) to the point
(y2y3y4y5y6y7y8 : y
2
1y
2
2y
2
3y4y
3
6 : y1y2y
2
3y
2
4y
2
5y
2
6y7 : y1y3y4y5y6y7y9 : y7y8y9)
(5.5)
in Sk(k) ⊆ P4(k). Since Ψ is defined over k, it induces a morphism Ψ : Y →
S ⊆ P4k which is given by (5.5) on k-rational points.
Since pi : Y → X is a geometric quotient, the invariant morphism Ψ
factors through a minimal desingularization γ : X → S, which is a model of
the minimal desingularization Xk → Sk.
We recall that U is defined as the complement of the lines in S. By
[Der14, Table 6], the surface Sk contains exactly three lines of P
4
k
. These
are defined over k and an easy computation shows that
S r U = {x0x1 = x0x3 = x1x3 = x2 = 0}.
Then Ψ−1(SrU) = {η1η2η3η4η5η6η7 = 0}, and Ψ−1(U(k)) = Y (k)∩(k×)7×
k2.
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Let C be a fixed system of integral representatives for the class group
of Ok, that is, it contains exactly one integral ideal from each class. For
any given c = (c0, . . . , c5) ∈ C6, we denote by cpi : cY → X the twist of Y
constructed as in Definition 1.9. We write
cm
(j)
∗ :=
{
cm
(j) r {0} if j ∈ {1, . . . , 7},
cm
(j)
if j ∈ {8, 9}.
For ν ∈ Ωk and (x1, . . . , x8) ∈ k8v with x1 6= 0, we write
hν(x1, . . . , x8) := max

|x2x3x4x5x6x7x8|ν ,
∣∣x21x22x23x4x36∣∣ν ,∣∣x1x2x23x24x25x26x7∣∣ν ,∣∣x3x4x5x6x7(x3x24x35x7 + x2x8)∣∣ν ,∣∣∣∣x2x7x28 + x3x24x35x27x8x1
∣∣∣∣
ν

.
Let F be a fundamental domain for the action
of Uk × (O×k )5 on (k×)7 × k2,
induced by (3.2), where u = (u0, . . . , u5) maps (y1, . . . , y9) to
(um
(1) · y1, . . . , um(9) · y9). (5.6)
After all these preparations, we define Mc(B) as the set of all
(y1, . . . , y9) ∈ (cm(1)∗ × · · · × cm
(9)
∗ ) ∩ F
that satisfy the height conditions∏
ν∈Ω∞
hν(σv(y1, . . . , y8)) ≤ N(c30c−11 · · · c−15 )B, (5.7)
the torsor equation
y1y9 + y2y8 + y3y
2
4y
3
5y7 = 0, (5.8)
and the coprimality conditions
yic
−m(i) + yjc−m
(j)
= Ok (5.9)
for all distinct nonadjacent vertices Di, Dj in Figure 1. We can now reduce
the estimation of NU,H,k(B) to counting the Mc(B).
Proposition 5.3. With the sets Mc(B) defined as above and NU,H,k(B)
as in 5.2, we have
NU,H,k(B) =
1
#uk
∑
c∈C6
#Mc(B).
Proof. Since U is contained in the smooth locus of S, the minimal
desingularization γ : X → S induces an isomorphism γ−1(U)→ U , so
NU,H,k(B) = #{x ∈ γ−1(U)(k) | H(γ(x)) ≤ B}.
By Theorem 1.10, (ii), there is a disjoint union
γ−1(U)(k) =
⊔
c∈C6
cpi(cY (Ok) ∩Ψ−1(U(k))).
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Let c ∈ C6. Since, for any yj ∈ cm(j) , the associated ideal yjc−m(j) is an
integral ideal, the coprimality condition∏
1≤i<j≤9
Di.Dj=0
(
yic
−m(i) + yjc−m
(j)
)
= Ok
is equivalent to the coprimality conditions (5.9). Then by Theorem 1.10,
(iii), cY (Ok) ∩Ψ−1(U(k)) is the set of all
(y1, . . . , y9) ∈ (cm(1)∗ × · · · × cm
(9)
∗ )
that satisfy (5.8) and (5.9).
Let (y1, . . . , y9) ∈ cY (Ok). Using the torsor equation (5.8) to eliminate
y9, we see that
H(Ψ(y1, . . . , y9)) =
∏
v∈Ωk
hv(σv(y1, . . . , y8)).
Moreover, the coprimality conditions (5.9) imply that∏
v∈Ωf
hv(σv(y1, . . . , y8)) = N(y2y3y4y5y6y7y8Ok + · · ·+ y7y8y9Ok)−1 =
= N(c−30 c1 · · · c5).
Thus the condition H(Ψ(y1, . . . , y9)) ≤ B is equivalent to our height condi-
tions (5.7).
Let F ′ ⊆ F be a fundamental domain for the action of G6m,Ok(Ok) =
(O×k )
6 on (k×)7 × k2 and consider the set M ′c(B) of all
(y1, . . . , y9) ∈ (cm(1)∗ × · · · × cm
(9)
∗ ) ∩ F ′
that satisfy (5.7), (5.8) and (5.9).
Since the action of (O×k )
6 on cY (Ok) is free, each orbit is the union of
#uk orbits of the induced action of Uk × (O×k )5. Each of these orbits has
exactly one representative in F , so #Mc(B) = #uk#M ′c(B).
Finally, we observe that the fibers of cpi are the orbits of the action
of G6m,X on cY . Hence, there is a bijection between the sets U(k) and⊔
c∈C6(cY (Ok) ∩Ψ−1(U(k)) ∩ F ′), so
NU,H,k(B) =
∑
c∈C6
#M ′c(B) =
1
#uk
∑
c∈C6
#Mc(B). 
5.3. Manin’s conjecture
In joint work with Frei [FP14], we use the parameterization provided by
Proposition 5.3, together with a suitable choice of the fundamental domain
F , to prove the following theorem.
Theorem 5.4. Let k be a number field of degree d, let S be given in
P4k by (5.1), let U be the complement of the lines in S, and let  > 0. As
B →∞,
NU,H,k(B) = cS,HB(logB)
5 +O(B(logB)5−1/d+),
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with an explicit cS,H > 0. This formula agrees with Peyre’s refined version of
Manin’s conjecture [Pey03, Formule empirique 5.1]. The implicit constant
in the error term depends on k and .
The proof (cf. [FP14, §5-§13]) involves refined techinques, including o-
minimality, to count lattice points in certain unbounded subsets of R8d.
CHAPTER 6
Toric varieties
In this chapter we generalize Salberger’s proof of Manin’s conjecture for
toric varieties over Q [Sal98], by proving the following theorem.
Theorem 6.1. Let X be a smooth equivariant compactification of a split
torus T over an imaginary quadratic number field k. Assume that the an-
ticanonical sheaf of X is generated by its global sections. Let H be the
toric anticanonical height function on X(k) defined in [Sal98, §10], and let
NT,H,k(B) be the number of k-rational points on T of toric anticanonical
height at most B. Then, for all ε > 0,
NT,H,k(B) = CX,H,kB(logB)
r−1 +O(B(1 + logB)r−2+1/f+ε),
where r is the rank of the Picard group of X, f is the smallest positive
integer such that there exist f rays of the fan Σ defining X not contained in
a cone of Σ, and CX,H,k is the constant predicted by Peyre in [Pey95].
Manin’s conjecture for toric varieties has been considered also by Batyrev
and Tschinkel [BT98] and Bourqui [Bou11], who proved it for smooth pro-
jective toric varieties over arbitrary number fields and over global fields of
positive characteristic, respectively, via harmonic analysis techniques. More-
over, the error term in [Sal98] was improved by de la Brete`che in [Bre01]
by means of the precise estimations of multiple sums of arithmetic functions.
We also recall that Schanuel’s precursory work [Sch79] constitutes a proof
of Manin’s conjecture for projective spaces via universal torsor method over
arbitrary number fields, and that recently the same method has been ap-
plied over arbitrary number fields for a certain singular toric cubic surface
[Fre13].
Our proof is an explicative application of the universal torsor method
for a family of varieties over number fields beyond Q. We restrict to the
case of imaginary quadratic fields because, even though the choice of a suit-
able fundamental domain for the action of (O×k )
r is clear for some specific
varieties [Sch79, Fre13], it strongly depends on the features of the variety,
and hence, a generalization of the strategies of those papers to the family
considered above does not seem straightforward.
The chapter is organized as follows. In Section 6.1 we apply the results of
Chapter 1 to recover the parameterization via lattice points on the integral
universal torsors constructed in [Sal98] that is described in [Rob98], and
we show that the anticanonical height function defined in [Sal98] lifts to the
integral points on the twisted torsors involving just the absolute values at
the infinite places of the number field (cf. Proposition 6.2). In Section 6.2
we study a multiplicative function, introduced in [Pey95] and used also in
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[Sal98], attached to the characteristic function of the set of integral coordi-
nates that belong to the universal torsor, and we perform Mo¨bius inversion
to get rid of the coprimality conditions. Thus, we reduce to count lattice
points in bounded subsets D(B) of an R-vector space CN ∼= R2N . Section
6.3 contains the proof of Theorem 6.1. Since the height function depends
only on the absolute value of the coordinates, we partition CN in strongly
convex rational polyhedral cones, each of them spanned by a fundamental
domain of the lattice which is a parallelotope F with the property that,
for every lattice point x in the cone, x + F intersects the boundary of the
region D(B) defined by the height function if and only if the lifted height
of x is at most B and the height of x + γ is strictly greater than B, where
γ is the long diagonal of the parallelotope (cf. Subsection 6.3.2). For each
cone C, we compare the number of lattice points in C ∩ D(B) with the
volume of the region C ∩D(B) (cf. Proposition 6.14), and we estimate the
difference by counting the number of lattice points x ∈ C ∩D(B) such that
x + F * C ∩D(B) (cf. Proposition 6.13). In the last section we show that
Peyre’s conjecture [Pey95] is satisfied by the constant in the main term of
the asymptotic formula obtained in Section 6.3:
CX,H,k = α(X)κ|∆k|−N/2hrkw−rk (2pi)N#Σmax, (6.1)
where α(X) is the constant defined in [Pey95, §2] (cf. [Sal98, §7]), κ is
a constant depending on X and k (see (6.7)), ∆k is the discriminant of k,
hk is the class number of k, wk is the number of roots of 1 contained in k,
#Σmax is the number of maximal cones of the fan defining X. The results
of Sections 6.1 and 6.2 up to §6.2.2 hold for arbitrary number fields. The
content of this chapter first appeared in [Pie15].
6.1. Universal torsors and heights on toric varieties
6.1.1. Parameterization via universal torsors. Let X be a smooth
complete toric variety over a number field k that is an equivariant compact-
ification of a split torus T . We denote by T∗ the lattice of cocharactes of T
and by Σ the fan in T∗R := T∗ ⊗Z R that defines X.
By [CTS76, §4] and [Sal98, §8] (cf. [Mad05, Appendix]), we know that
X has a universal torsor pi : Y → X, which is unique up to isomorphism and
can be realized as the the toric variety defined by the pullback of Σ under
the morphism of lattices
Λ∗ → T∗, ρ 7→ nρ,
where nρ is the unique generator of ρ ∩ T∗, Λ∗ :=
⊕
ρ∈Σ(1) Zρ and Σ(1)
denotes the set of rays of Σ. We denote by Λ = pi−1(T ) the torus contained
in Y whose group of cocharacters is Λ∗. By [Cox95] a Cox ring of X of
identity type is a Pic(X)-graded polynomial ring in N := #Σ(1) variables
R = k[xρ : ρ ∈ Σ(1)],
where Σ(1) is the set of rays of Σ, and the degree of the variable xρ is the class
of the prime toric invariant divisor Dρ corresponding to the ray ρ. Moreover,
there is an open embedding Y → ANk := SpecR whose complement is the
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closed subset defined by the monomials
xDσ :=
∏
ρ∈Σ(1)rσ(1)
xρ, σ ∈ Σmax,
where Σmax is the set of maximal cones of Σ, and σ(1) is the set of rays of
Σ contained in the cone σ (see [Sal98, §8]).
Let Ok be the ring of integers of k. By [Sal98, Remark 8.6] (cf. Theorem
3.3), the universal torsor Y → X admits an Ok-model Y → X , which is a
universal torsor of the Ok-toric scheme X defined by the fan Σ, and
Y ∼= ANOk r V (xDσ : σ ∈ Σmax). (6.2)
Fix a basis `1, . . . , `r of Pic(X) (namely, an isomorphism Pic(X) ∼= Zr).
Let C be a system of representatives for the class group of k. By Theorem
1.10, the universal torsor Y → X induces the following parameterization
of the set of rational points of X:
X(k) =
⊔
c∈Cr
cp˜i(cY (Ok)), (6.3)
where cp˜i : cY →X is the twist of Y →X according to Definition 1.9. The
parameterization can be made explicit as follows. For every c = (c1, . . . , cr) ∈
Cr and every divisor D of X, let cD := ∏ri=1 caii , where a1, . . . , ar ∈ Z are
determined by the equality [D] =
∑r
i=1 ai`i in Pic(X). For every x =
(xρ)ρ∈Σ(1) ∈ kN and c ∈ Cr, let cx = (cxρ)ρ∈Σ(1) be defined by cxρ := xρc−Dρ
for all ρ ∈ Σ(1). For every σ ∈ Σmax, let Dσ :=
∑
ρ∈Σ(1)rσ(1)Dρ and
cDσx :=
∏
ρ∈Σ(1)rσ(1) cxρ . With this notation,
cY (Ok) = {x ∈
⊕
ρ∈Σ(1)
cDρ :
∑
σ∈Σmax
cDσx = Ok} ⊆ kN (6.4)
for all c ∈ Cr, by Theorem 1.10 (cf. [Rob98, p. 15]).
6.1.2. Anticanonical height function. We recall the anticanonical
height function defined by Salberger in [Sal98, §10] and list some of its
properties. We need first some notation.
For every torus invariant divisor D =
∑
ρ∈Σ(1) aρDρ of X and for every
σ ∈ Σmax, let uσ,D be the character of T determined by uσ,D(nρ) = aρ for
all ρ ∈ σ(1), and define D(σ) := D −∑ρ∈Σ(1) uσ,D(nρ)Dρ.
We denote by −K the anticanonical divisor ∑ρ∈Σ(1)Dρ of X. For every
σ ∈ Σmax and ρ ∈ Σ(1), let ασ,ρ := 1 − uσ,−K(nρ), so that −K(σ) =∑
ρ∈Σ(1) ασ,ρDρ. By [Sal98, Proposition 8.7 (a)], we know that if OX(−K)
is generated by its global sections, then −K(σ) is an effective divisor for all
σ ∈ Σmax, and ασ,ρ = 0 for all ρ ∈ σ(1). From now on, we assume that
OX(−K) is generated by its global sections.
Let ν ∈ Ωk. For every x = (xρ)ρ∈Σ(1) ∈ kNν and every effective divisor
D =
∑
ρ∈Σ(1) aρDρ of X, we denote by x
D the product
∏
ρ∈Σ(1) x
aρ
ρ .
Let H : X(k) → R≥0 be the height function corresponding to the anti-
canonical divisor −K defined in [Sal98, (10.4)]. For every x ∈ Y (k),
H(pi(x)) =
∏
ν∈Ωk
sup
σ∈Σmax
|x−K(σ)|ν (6.5)
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by [Sal98, Proposition 10.14]. For integral points on the twisted torsors
that appear in (6.3), the height (6.5) can be expressed as product involving
just the archimedean places as the following proposition shows.
Proposition 6.2. Let c ∈ Cr and x ∈ cY (Ok), then
H(pi(x)) =
1
N(c−K)
∏
ν∈Ω∞
sup
σ∈Σmax
|x−K(σ)|ν .
Proof. For every ρ ∈ Σ(1), let mρ,p, nρ,p ∈ Z be defined by the equali-
ties cDρ =
∏
p p
mρ,p and xρOk =
∏
p p
nρ,p , where
∏
p denotes a product over
the prime ideals of Ok. Let ν ∈ Ωf be a finite place associated to a prime
ideal p of Ok. Then
sup
σ∈Σmax
|x−K(σ)|ν =
(
1
N(p)
)minσ∈Σmax∑ρ∈Σ(1) ασ,ρnρ,p
.
We write
min
σ∈Σmax
∑
ρ∈Σ(1)
ασ,ρnρ,p = min
σ∈Σmax
 ∑
ρ∈Σ(1)
ασ,ρ(nρ,p −mρ,p) +
∑
ρ∈Σ(1)
ασ,ρmρ,p

= min
σ∈Σmax
∑
ρ∈Σ(1)rσ(1)
ασ,ρ(nρ,p −mρ,p) +
∑
ρ∈Σ(1)
mρ,p,
as ασ,ρ = 0 for all ρ ∈ σ(1) and [−K(σ)] = [−K] in Pic(X) for all σ ∈ Σmax.
Since xρ ∈ cDρ for all ρ ∈ Σ(1), the inequality nρ,p ≥ mρ,p holds for all
ρ ∈ Σ(1). The coprimality condition ∑σ∈Σmax cDσx = Ok gives
min
σ∈Σmax
∑
ρ∈Σ(1)rσ(1)
(nρ,p −mρ,p) = 0.
Hence, minσ∈Σmax
∑
ρ∈Σ(1) ασ,ρnρ,p =
∑
ρ∈Σ(1)mρ,p, as −K(σ) is effective
for all σ ∈ Σmax. 
Lemma 6.3. Let ν ∈ Ωk and x ∈ Y (kν) then
|x−K |ν ≤ sup
σ∈Σmax
|x−K(σ)|ν .
Proof. By [Sal98, Proposition 9.2] there exists σ ∈ Σmax such that∣∣∣ x−K
x−K(σ)
∣∣∣
ν
≤ 1. Then |x−K |ν ≤ |x−K(σ)|ν ≤ supσ∈Σmax |x−K(σ)|ν . 
6.2. Mo¨bius inversion
6.2.1. Generalized Mo¨bius function. We introduce a generalized
Mo¨bius function, like in [Sal98, §11] and [Pey95, §8.5], that we use to get
rid of the coprimality condition in (6.4) via Mo¨bius inversion. In order to
do so, we fix some notation.
Let I be the set of nonzero ideals of Ok. For every d = (dρ)ρ∈Σ(1) ∈
IN , let N(d) := ∏ρ∈Σ(1) N(dρ) ∈ Z>0. For every prime ideal p of Ok, we
denote by
∑
d,p a sum over the set of d = (dρ)ρ∈Σ(1) ∈ IN such that dρ is a
nonnegative power of p for all ρ ∈ Σ(1). We denote by ∏p a product over all
6.2. MO¨BIUS INVERSION 89
prime ideals of Ok, and by
∑
N(d)≤b,
∑
N(d)≥b a sum over the set of d ∈ IN
that satisfy N(d) ≤ b, N(d) ≥ b respectively.
For every b = (bρ)ρ∈Σ(1) ∈ IN and for every effective divisor D of the
form
∑
ρ∈Σ(1) aρDρ on X, let b
D :=
∏
ρ∈Σ(1) b
aρ
ρ . We denote by
χ : IN → {0, 1}
the characteristic function of the subset
{b ∈ IN :
∑
σ∈Σmax
bDσ = Ok} ⊆ IN .
For every d ∈ IN , let
χd : IN → {0, 1}
be the characteristic function of the subset
{b ∈ IN : d|b} ⊆ IN ,
where d|b means bρ ⊆ dρ for all ρ ∈ Σ(1).
By [Pey95, Lemme 8.5.1], there exists a unique function µ : IN → Z
such that
χ =
∑
d∈IN
µ(d)χd.
Moreover, for every d ∈ IN ,
µ(d) =
∏
p
µ(dp), (6.6)
where dp := (dρ,p)ρ∈Σ(1) with dρ,p a nonnegative power of p such that dρ =∏
p dρ,p holds in Ok for all ρ ∈ Σ(1).
The next proposition shows some properties of µ that we use later.
Proposition 6.4. Let f ∈ Z>0 be the smallest number of rays of Σ not
contained in a cone of Σ. Then
(i) the product
∏
p
∑
d,p
µ(d)
N(d)s and the sum
∑
d∈IN
µ(d)
N(d)s converge abso-
lutely and coincide for s > 1/f ;
(ii)
∑
N(d)≤b |µ(d)| = O(b1/f+ε), for all ε > 0;
(iii)
∑
N(d)≥b(|µ(d)|/N(d)) = O(b1/f−1+ε), for all ε > 0.
Proof. To prove (i), we note that (6.6) gives∑
d∈IN
N(d)≤b
|µ(d)|
N(d)s
=
∑
d∈IN
N(d)≤b
∏
p
|µ(dp)|
N(dp)
s
≤
∏
p
∑
d,p
|µ(d)|
N(d)s
for all s ∈ R and b > 0, and
lim
b→∞
∑
d∈IN
N(d)≤b
|µ(d)|
N(d)s
=
∏
p
∑
d,p
|µ(d)|
N(d)s
.
Hence, it suffices to show that
∏
p
∑
d,p
|µ(d)|
N(d)s converges for s > 1/f .
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Let p be a prime ideal of Ok. The sum
∑
d,p
|µ(d)|
N(d) is finite, because
µ((peρ)ρ∈Σ(1)) = 0 for all N -tuples of non-negative integers (eρ)ρ∈Σ(1) such
that eρ ≥ 2 for some ρ ∈ Σ(1). If (eρ)ρ∈Σ(1) is an N -tuple of non-negative
integers, not all 0, and eρ = 0 for all ρ ∈ Σ(1) r σ(1) for a maximal
cone σ ∈ Σmax, then µ((peρ)ρ∈Σ(1)) = 0. Therefore, if (eρ)ρ∈Σ(1) is an
N -tuple of non-negative integers, not all 0, such that µ((peρ)ρ∈Σ(1)) 6= 0,
then N(p)f |N((peρ)ρ∈Σ(1)). Then we can write∑
d,p
|µ(d)|
N(d)s
= 1 +
1
N(p)fs
Q
(
1
N(p)s
)
,
where Q is a polynomial with non-negative integer coefficients. For every
N -tuple (eρ)ρ∈Σ(1) of non-negative integers, µ((peρ)ρ∈Σ(1)) does not depend
on the choice of the prime ideal p. Hence, Q is independent of the choice of
p. Thus ∑
p
1
N(p)fs
Q
(
1
N(p)s
)
≤ [k : Q]Q(1)
∑
n∈Z>0
1
nfs
is convergent for s > 1/f . Here
∑
p denotes a sum over the prime ideals of
Ok.
Property (ii) follows from (i) because for every ε > 0,∑
N(d)≤b
|µ(d)| ≤ b1/f+ε
∑
N(d)≤b
|µ(d)|
N(d)1/f+ε
≤ b1/f+ε
∑
d∈IN
|µ(d)|
N(d)1/f+ε
.
Property (iii) can be proven using (ii) as follows:∑
N(d)≥b
|µ(d)|
N(d)
=
∑
b′≥b
∑
N(d)≤b′
|µ(d)|
b′
−
∑
b′≥b−1
∑
N(d)≤b′
|µ(d)|
b′ + 1
=
=
∑
b′≥b
∑
N(d)≤b′
|µ(d)|
b′(b′ + 1)
− 1
b
∑
N(d)≤b−1
|µ(d)| ≤
≤
∑
b′≥b
∑
N(d)≤b′
|µ(d)|
b′2
− 1
b
∑
N(d)≤b−1
|µ(d)| =
= O
∑
b′≥b
b′1/f−2+ε
+O((b− 1)1/f+ε
b
)
. 
After Proposition 6.4 (i) we define
κ :=
∏
p
∑
d,p
µ(d)
N(d)
=
∑
d∈IN
µ(d)
N(d)
. (6.7)
6.2.2. Mo¨bius inversion for imaginary quadratic fields. From
now on we assume that k is an imaginary quadratic extension of Q. Let
wk be the cardinality of the group of units O
×
k of Ok.
We identify with C the completion of k at its only infinite place and we
denote by | · |∞ the corresponding absolute value normalized as at page 14.
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For every x ∈ CN , let
h(x) := sup
σ∈Σmax
|x−K(σ)|∞.
For every c ∈ Cr, every d ∈ IN and every B > 0, we define
Ac,d(B) := {x ∈ Λ(k) ∩
⊕
ρ∈Σ(1)
dρc
Dρ : h(x) ≤ N(c−K)B},
Cc(B) := {x ∈ cY (Ok) ∩ Λ(k) : H(pi(x)) ≤ B}.
Let o ∈ IN be defined by oρ := Ok for all ρ ∈ Σ(1). Then
Ac,d(B) = {x ∈ Ac,o(B) : d|cx}.
Proposition 6.5. The sets Ac,d(B) and Cc(B) are finite for all c ∈ Cr,
all d ∈ IN and all B > 0. In particular Ac,d(B) = ∅ if N(d) > B.
Proof. Let c ∈ Cr, d ∈ IN , B > 0 and x ∈ Ac,o(B). If d|cx, Lemma 6.3
and the definition of −K give
N(d) = N(d−K) ≤ N(c−Kx ) =
N(x−K)
N(c−K)
≤ h(x)
N(c−K)
≤ B,
and hence, |xρ|∞ ≤ N(dρcDρ)N(d)−1B for all ρ ∈ Σ(1), as xρ 6= 0 for all
ρ ∈ Σ(1). Thus Ac,d(B) is finite, and Ac,d(B) = ∅ if N(d) > B. Moreover,
Cc(B) is finite as it is a subset of Ac,o(B) by (6.4) and Proposition 6.2. 
Proposition 6.6. With NT,H,k defined in Theorem 6.1 and the notation
above,
NT,H,k(B) =
1
wrk
∑
c∈Cr
#Cc(B)
for all B > 0.
Proof. Recall that NT,H,k(B) is the cardinality of the set
{x ∈ T (k) : H(pi(x)) ≤ B}.
Since pi−1(T ) = Λ, the parameterization (6.3) gives
T (k) =
⊔
c∈Cr
cp˜i(cY (Ok) ∩ Λ(k)).
Let c ∈ Cr. Since cp˜i is a torsor over X under Grm,X by Theorem 1.10,
its fibers over Ok-rational points of X are either empty or isomorphic to
(O×k )
r. Hence, each nonempty fiber of cp˜i over an Ok-rational point of X
contains exactly wrk points. 
Proposition 6.7. For every c ∈ Cr and every B > 0,
#Cc(B) =
∑
d∈IN
µ(d)#Ac,d(B).
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Proof. The definition of χ, µ and χd, together with (6.4) and Propo-
sition 6.5, gives
#Cc(B) =
∑
x∈Ac,o(B)
χ(cx) =
∑
x∈Ac,o(B)
∑
d∈IN
µ(d)χd(cx) =
=
∑
d∈IN
µ(d)
∑
x∈Ac,o(B)
χd(cx) =
∑
d∈IN
µ(d)#Ac,d(B). 
6.3. Verification of Manin’s conjecture
We prove Theorem 6.1 by estimating the cardinality of the sets Ac,d(B),
namely by counting lattice points in the following sets.
For every c ∈ Cr and every B > 0, let
Dc(B) := {x ∈ CN : |xρ|∞ ≥ N(cDρ) ∀ρ ∈ Σ(1), h(x) ≤ N(c−K)B}.
We note that Ac,d(B) = Dc(B) ∩
⊕
ρ∈Σ(1) dρc
Dρ for all c ∈ Cr and d ∈ IN .
In Proposition 6.14 we approximate the cardinality of the sets Ac,d(B) by
the volume of Dc(B) with respect to the Haar measure dc,dx on CN ∼= R2N
normalized such that the volume of a fundamental domain for the lattice⊕
ρ∈Σ(1) dρc
Dρ is 1. Hence, we first compute the volume of Dc(B).
6.3.1. Volume computation. Following [Sal98, Notation 9.1], we
consider
L : T (C) = (C×)dimX → T∗R, x 7→ (log |xi|∞)1≤i≤dimX .
For every maximal cone σ ∈ Σmax, let Cσ be the closure of L−1(−σ) in
X(C).
Remark 6.8. We observe that x ∈ pi−1(Cσ) if and only if |xDρ−Dρ(σ)|∞ ≤
1 for all ρ ∈ σ(1), as the proof of [Sal98, Proposition 11.22] works with R
replaced by C, and in this case h(x) = |x−K(σ)|∞ (cf. the proof of [Sal98,
Proposition 9.8]).
Proposition 6.9. Assume that r > 1. For every c ∈ Cr and d ∈ IN ,
N(d)
∫
Dc(B)
dc,dx =
(2pi)N#Σmaxα(X)
(
√|∆k|)N B(logB)r−1 +O(B(1 + logB)r−2)
where α(X) is the constant αPeyre(X) defined in [Sal98, §7], and the implicit
constant in the error term does not depend on d.
Proof. Fix c ∈ Cr. For every B > 0, the subset Dc(B) ⊂ CN is
bounded by Lemma 6.3. For every σ ∈ Σmax, let Dc,σ(B) := Dc(B) ∩
pi−1(Cσ). Let σ′ 6= σ in Σmax and ρ ∈ σ(1)r σ′(1). Since |xDρ−Dρ(σ)|∞ = 1
for all x ∈ Dc,σ(B) ∩ Dc,σ′(B) (cf. proof of [Sal98, Proposition 11.22]),
and uσ,Dρ 6= 0, the set Dc,σ(B) ∩ Dc,σ′(B) is contained in a codimension 1
subvariety of CN ∼= R2N . Hence, ∫Dc,σ(B)∩Dc,σ′ (B) dc,dx = 0, and∫
Dc(B)
dc,dx =
∑
σ∈Σmax
∫
Dc,σ(B)
dc,dx.
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Fix σ ∈ Σmax. By [Lan70, Lemma V.2.2], the lattice dρcDρ in C ∼= R2 has
determinant N(dρc
Dρ)
√|∆k|/2 for all ρ ∈ Σ(1). Therefore,∫
Dc,σ(B)
dc,dx =
2N
N(d)N(c−K)(
√|∆k|)N
∫
Dc,σ(B)
dx,
where dx is the usual Lebesgue measure on CN ∼= R2N .
Passing to polar coordinates with yρ := |xρ|∞/N(cDρ) for all ρ ∈ Σ(1)
gives ∫
Dc,σ(B)
dc,dx =
(2pi)N
N(d)(
√|∆k|)N
∫
D′c,σ(B)
dy,
where dy is the usual Lebesgue measure on RN and D′c,σ(B) is the set of
y ∈ RN that satisfy
min
ρ∈Σ(1)
yρ ≥ 1,
∏
ρ∈Σ(1)rσ(1)
yασ,ρ ≤ B, yρ ≤
∏
ρ′∈Σ(1)rσ(1)
y
−uσ,Dρ (nρ′ )
ρ′ ∀ρ ∈ σ(1)
(cf. Remark 6.8). Moreover, [Sal98, (11.41)] gives∫
D′c,σ(B)
dy = α(X)B(logB)r−1 +O(B(1 + logB)r−2). 
As explained in the introduction, we compare the cardinality of the sets
Ac,d(B) with the volume of Dc(B) after intersecting both with a suitable
partition of CN in strongly convex rational polyhedral cones. The next two
lemmas are the tool to produce such a partition.
6.3.2. Ideal lattices in C ∼= R2. We show how to produce a partition
of C ∼= R2 in six cones generated by bases of an ideal lattice consisting of
vectors of small length with respect to the determinant of the lattice, with
the property that in each cone the sum of the generators is longer than their
difference.
Lemma 6.10. Let a be a nonzero fractional ideal of k. Then there exist
v1, . . . , v6 ∈ a such that, if we set v7 := v1, then
(1) [0, 1)vi+ [0, 1)vi+1 is a fundamental domain for the lattice a ⊆ C ∼=
R2 for all i ∈ {1, . . . , 6};
(2) we can write vi = (ηi, θi) in polar coordinates for i ∈ {1, . . . , 6}
so that if we set θ7 := 2pi + θ1, then 0 ≤ θi+1 − θi ≤ pi2 for all
i ∈ {1, . . . , 6};
(3) |vi|∞ ≤ 16pi−2|∆k|N(a) for all i ∈ {1, . . . , 6}.
Proof. Let w1, w2 ∈ a ⊆ R2 be R-linearly independent elements such
that |w1|1/2∞ and |w2|1/2∞ are respectively the first and the second successive
minimum of the lattice a ⊆ R2 with respect to the unit ball. Let w3 :=
w1 + w2. For i ∈ {1, 2, 3}, write wi = (η′i, θ′i) in polar coordinates with
θ′i ∈ [0, 2pi). Without loss of generality we can assume that pi2 ≤ |θ′1−θ′2| < pi.
Then the inequalities |w1|1/2∞ ≤ |w2|1/2∞ ≤ |w1 + w2|1/2∞ force |θ′3 − θ′1| ≤ pi2
and |θ′3 − θ′2| ≤ pi3 . Let u1 := w1, u2 := w3, u3 := w2, u4 := −w1, u5 := −w3
and u6 := −w2. For i ∈ {1, . . . , 6}, let vi := ui if θ′2− θ′1 > 0, and vi := u7−i
if θ′2 − θ′1 < 0.
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We recall that the lattice a ⊆ R2 has determinant N(a)√|∆k|/2 (see
[Lan70, Lemma V.2.2] for example). Then [Cas59, §VIII.4.3] gives
|w1|∞|w2|∞ ≤ 4pi−2|∆k|N(a)2.
Hence, |w1|∞, |w2|∞ ≤ 4pi−2|∆k|N(a) as |wi|∞ ≥ N(a) for i ∈ {1, 2}. There-
fore, |vi|∞ ≤ 2(|w1|∞ + |w2|∞) ≤ 16pi−2|∆k|N(a) for all i ∈ {1, . . . , 6}. 
Lemma 6.11. Let L be a lattice in C ∼= R2. Let v1, v2 ∈ L such that
[0, 1)v1 + [0, 1)v2 is a fundamental domain for L and there are θ1, θ2 ∈ R
with 0 < θ2 − θ1 ≤ pi2 and vi = (ηi, θi) for i ∈ {1, 2} in polar coordinates.
Then
|w|∞ ≤ |w + x|∞ < |w + v1 + v2|∞
for all w ∈ Z≥0v1 + Z≥0v2 and all x ∈ [0, 1]v1 + [0, 1]v2, x 6= v1 + v2.
Proof. Let w ∈ Z≥0v1 + Z≥0v2 and x ∈ [0, 1]v1 + [0, 1]v2, x 6= v1 + v2.
We can write w = (η, θ) and x = (η′, θ′) in polar coordinates, with θ1 ≤
θ, θ′ ≤ θ2. Then
|w + x|∞ = |w|∞ + |x|∞ − 2ηη′ cos(pi − θ + θ′),
and cos(pi − θ + θ′) ≤ 0, as |θ′ − θ| ≤ pi/2. Similarly,
|w + v1 + v2|∞ ≥ |w + x|∞ + |v1 + v2 − x|∞,
and |v1 + v2 − x|∞ > 0 as x 6= v1 + v2. 
In the rest of this section, if L1, . . . , Ln are lattices (or fundamental
domain of lattices) in C ∼= R2, we denote by⊕ni=1 Li the lattice (respectively,
the fundamental domain) in Cn ∼= R2n obtained as direct sum of the Li.
Before proceeding with the comparison between the cardinality of the
sets Ac,d(B) and the volume of Dc(B), we estimate the number of lattice
points close to the border of the domains Dc(B) where we count them.
6.3.3. Boundary estimation. First comes a technical result analo-
gous to [Sal98, Sublemma 11.24].
Lemma 6.12. Let e, e1, . . . , er ∈ Z≥0, e > 0, B ≥ 1, D ∈ (0, 1] such that
DB ≥ 1. Let r := max{e1, . . . , er}/e. Then∑ r∏
i=1
y
ei
e
−1
i ≤ max{1, r2r}(DB)1/e(1 + logB)r
where the sum runs through the set of positive integers y1, . . . , yr that satisfy
max{y1, . . . , yr} ≤ B and
r∏
i=1
yeii ≤ DB.
Proof. The proof goes by induction on r. Let S(D,B, e; e1, . . . , er) be
the sum in the statement. Assume first that r = 1. If e1 = 0, then
S(D,B, e; 0) ≤ 1 + logB ≤ (DB)1/e(1 + logB) (6.8)
as DB ≥ 1. If e1 > 0, then
S(D,B, e; e1) ≤
∫ (DB)1/e1+1
0
y
e1
e
−1 dy ≤ e1
e
2
e1
e (DB)1/e ≤
≤ 121(DB)1/e(1 + logB)
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as (DB)1/e1 ≥ 1 and B ≥ 1. Assume now that r > 1. If er = 0, then
r−1 = r and
S(D,B, e; e1, . . . , er) = S(D,B, e; e1, . . . , er−1)S(D,B, e; 0) ≤
≤ max{1, r2r}(DB)1/e(1 + logB)r−1(1 + logB)
by the induction assumption and (6.8). If e1, . . . , er > 0, then
S(D,B, e; e1, . . . , er) =
∑
yr≤(DB)1/er
y
er
e
−1
r S(y
−er
r D,B, e; e1, . . . , er−1) ≤
≤ max{1, r2r}(DB)1/e(1 + logB)r−1S(D,B, e; 0)
as (DB)1/er ≤ B and r−1 ≤ r. The expected result follows by (6.8). 
The next proposition, inspired by [Sal98, Lemma 11.25(b)], estimates
the number of lattice points near the border of certain subdomains of Dc(B).
Proposition 6.13. Assume that r > 1. Let c ∈ Cr, d ∈ IN , B ≥ 1 and
ρ˜ ∈ Σ(1). For every ρ ∈ Σ(1), let vρ,1, vρ,2 ∈ dρcDρ that satisfy Lemma 6.11
for the lattice dρc
Dρ in C ∼= R2. Let
F :=
⊕
ρ∈Σ(1)
([0, 1)vρ,1 + [0, 1)vρ,2),
and let δc,d,ρ˜(F ;B) be the set
{x ∈ Ac,d(B) ∩
⊕
ρ∈Σ(1)
(Z≥0vρ,1 + Z≥0vρ,2) : h(x+ γ) > N(c−K)B},
where γ = (γρ)ρ∈Σ(1) ∈ CN is defined by γρ := 0 if ρ 6= ρ˜, γρ˜ := vρ˜,1 + vρ˜,2.
Then there exist positive constants B1 and C1, both independent of B and
d, such that
#δc,d,ρ˜(F ;B) ≤ C1 N(d)−1B(1 + logB)r−2 min{N(d), 1 + logB}.
for all B ≥ B1.
Proof. For every σ ∈ Σmax, let δσ be the set of x ∈ δc,d,ρ˜(F ;B) such
that pi(x + γ) ∈ Cσ. Then #δc,d,ρ˜(F ;B) ≤
∑
σ∈Σmax #δσ and it suffices to
show that for every σ ∈ Σmax there are positive constants B′ and C ′, both
independent of B and d, such that for all B ≥ B′,
#δσ ≤ C ′N(d)−1B(1 + logB)r−2 min{N(d), 1 + logB}.
Fix σ ∈ Σmax. If x ∈ δc,d,ρ˜(F ;B), then pi(x+ γ) ∈ Cσ if and only if∏
ρ′∈Σ(1)
|xρ′ + γρ′ |uσ,Dρ (nρ′ )∞ ≤ 1
for all ρ ∈ σ(1), and in this case
h(x+ γ) =
∏
ρ∈Σ(1)rσ(1)
|xρ + γρ|ασ,ρ∞ ,
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as recalled in Remark 6.8. Therefore, if ασ,ρ˜ = 0 then δσ = ∅ for all B > 0.
Hence, we assume that ασ,ρ˜ > 0. Thus, δσ is the set of x ∈
⊕
ρ∈Σ(1)(Z≥0vρ,1+
Z≥0vρ,2) that satisfy
|xρ|∞ ≥ N(dρcDρ) ∀ρ ∈ Σ(1), (6.9)
|xρ|∞ ≤
∏
ρ′∈Σ(1)rσ(1)
|xρ′ + γρ′ |−uσ,Dρ (nρ′ )∞ ∀ρ ∈ σ(1), (6.10)
h(x) ≤ N(c−K)B, (6.11)∏
ρ∈Σ(1)rσ(1)
|xρ + γρ|ασ,ρ∞ > N(c−K)B. (6.12)
Let S := Σ(1)r (σ(1) ∪ {ρ˜}). Then Lemma 6.3 , (6.9) and (6.11) give∏
ρ∈S
|xρ|∞ ≤ N(c
∑
ρ∈S Dρ)∏
ρ∈Σ(1)rS N(dρ)
B and
∏
ρ∈S
|xρ|ασ,ρ∞ ≤ N(c
−K−ασ,ρ˜Dρ˜)
N(dρ˜)ασ,ρ˜
B
(6.13)
for every x ∈ δσ. Let S(B) be the set of (xρ)ρ∈S ∈
⊕
ρ∈S(Z≥0vρ,1 +Z≥0vρ,2)
that satisfy (6.13) and such that xρ 6= 0 for all ρ ∈ S.
For every x ∈ δσ, condition (6.11) gives
|xρ˜|∞ ≤
(
N(c−K)B∏
ρ∈S |xρ|ασ,ρ∞
) 1
ασ,ρ˜
. (6.14)
Moreover, (6.12) can be written as
|xρ˜ + γρ˜|ασ,ρ˜∞
∏
ρ∈S
|xρ|ασ,ρ∞ > N(c−K)B,
and together with the triangular inequality for | · |1/2∞ gives
|xρ˜|∞ >
( N(c−K)B∏
ρ∈S |xρ|ασ,ρ∞
) 1
2ασ,ρ˜
− |γρ˜|
1
2∞
2 . (6.15)
Therefore, for every (xρ)ρ∈S ∈ S(B) there are at most
pi|γρ˜|
1
2∞
N(dρ˜cDρ˜)
(
N(c−K)B∏
ρ∈S |xρ|ασ,ρ∞
) 1
2ασ,ρ˜
elements of Z≥0vρ˜,1 + Z≥0vρ˜,2 that satisfy the conditions (6.14) and (6.15).
By (6.10), for every (xρ)ρ∈S ∈ S(B) and xρ˜ as above, there are at most
A :=
∏
ρ∈σ(1)
 C0
N(dρcDρ)
∏
ρ′∈Σ(1)rσ(1)
|xρ′ + γρ′ |−uσ,Dρ (nρ′ )∞

elements (xρ)ρ∈σ(1) ∈
⊕
ρ∈σ(1)(Z≥0vρ,1 +Z≥0vρ,2) such that (xρ)ρ∈Σ(1) ∈ δσ,
where C0 = (pi + 64|∆k|pi−1)/2. The equality
∑
ρ∈σ(1)Dρ(σ) = −K(σ) −∑
ρ∈Σ(1)rσ(1)Dρ together with the triangular inequality for | · |1/2∞ , Lemma
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6.10 and (6.9) gives
A =
CN−r0∏
ρ∈σ(1) N(dρcDρ)
∏
ρ∈Σ(1)rσ(1)
|xρ + γρ|ασ,ρ−1∞ =
=
CN−r0∏
ρ∈σ(1) N(dρcDρ)
( |xρ˜ + γρ˜|∞
|xρ˜|∞
)ασ,ρ˜−1 ∏
ρ∈Σ(1)rσ(1)
|xρ|ασ,ρ−1∞ ≤
≤ C
N−r
0∏
ρ∈σ(1) N(dρcDρ)
(
1 +
4|∆k| 12
pi
)2(ασ,ρ˜−1) ∏
ρ∈Σ(1)rσ(1)
|xρ|ασ,ρ−1∞ .
Then (6.14) above gives
A ≤ C
N−r
0 (N(c
−K)B)
ασ,ρ˜−1
ασ,ρ˜∏
ρ∈σ(1) N(dρcDρ)
(
1 +
4|∆k| 12
pi
)2(ασ,ρ˜−1) ∏
ρ∈S
|xρ|
ασ,ρ
ασ,ρ˜
−1
∞ .
Hence, there is a positive constant C independent of B and d such that for
every (xρ)ρ∈S ∈ S(B) there are at most
C|γρ˜|
1
2∞B
1− 1
2ασ,ρ˜∏
ρ∈Σ(1)rS N(dρ)
∏
ρ∈S
|xρ|
ασ,ρ
2ασ,ρ˜
−1
∞
elements (xρ)ρ∈Σ(1)rS ∈
⊕
ρ∈Σ(1)rS(Z≥0vρ,1+Z≥0vρ,2) such that (xρ)ρ∈Σ(1) ∈
δσ.
For every ρ ∈ S, let yρ := |xρ|∞/N(dρcDρ). Then
#δσ ≤ (2C0)
r−1CN(c
∑
ρ∈S(
ασ,ρ
2ασ,ρ˜
−1)Dρ
)|γρ˜|
1
2∞
N(d)
∏
ρ∈S N(dρ)
− ασ,ρ
2ασ,ρ˜
B
1− 1
2ασ,ρ˜
∑∏
ρ∈S
y
ασ,ρ
2ασ,ρ˜
−1
ρ ,
(6.16)
where the sum runs through the set of (yρ)ρ∈S ∈ (Z>0)r−1 that satisfy∏
ρ∈S
yρ ≤ BN(d)−1,
∏
ρ∈S
y
ασ,ρ
ρ ≤ B
∏
ρ∈Σ(1)rσ(1)
N(dρ)
−ασ,ρ .
If Ac,d(B) = ∅, then δσ = ∅. Hence, we assume that Ac,d(B) 6= ∅. Then
N(d) ≤ B by Proposition 6.5, and ∏ρ∈Σ(1)rσ(1) N(dρ)ασ,ρ ≤ B by (6.9) and
(6.11) and the fact that ασ,ρ = 0 for all ρ ∈ σ(1).
If N(d)
∏
ρ∈Σ(1)rσ(1) N(dρ)
−ασ,ρ ≤ 1, by Lemma 6.12 and Lemma 6.10
there is a positive constant C ′′ independent of B and d such that
#δσ ≤ C ′′N(d)−1B(1 + logB)r−1.
If N(d)
∏
ρ∈Σ(1)rσ(1) N(dρ)
−ασ,ρ ≥ 1, then the inequality (6.16) holds
with the sum running through the set of (yρ)ρ∈S ∈ (Z>0)r−1 that satisfy∏
ρ∈S
yρ,
∏
ρ∈S
y
ασ,ρ
ρ ≤ B
∏
ρ∈Σ(1)rσ(1)
N(dρ)
−ασ,ρ .
By Lemma 6.12 and Lemma 6.10 there exists a positive constant C ′′′ inde-
pendent of B and d such that
#δσ ≤ C ′′′N(d)−1B(1 + logB)r−1.
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For every ρ ∈ S, let zρ := |xρ|∞/N(cDρ). We use Lemma 6.10 to
estimate |γρ˜|∞. Then
#δσ ≤ (2C0)
r−1C4pi−1|∆k| 12 N(dρ˜cDρ˜) 12
N(c
∑
ρ∈S(1−
ασ,ρ
2ασ,ρ˜
)Dρ
)
∏
ρ∈Σ(1)rS N(dρ)
B
1− 1
2ασ,ρ˜
∑∏
ρ∈S
z
ασ,ρ
2ασ,ρ˜
−1
ρ ,
where the sum runs through the set of (zρ)ρ∈S ∈ (Z>0)r−1 that satisfy∏
ρ∈S
zρ,
∏
ρ∈S
z
ασ,ρ
ρ ≤ B.
We recall that N(dρ˜)
1/2
∏
ρ∈Σ(1)rS N(dρ)
−1 ≤ 1. By [Sal98, Sublemma
11.24] there exist positive constants B′ ≥ 1 and C ′′′′, both independent of
B and d, such that
#δσ ≤ C ′′′′B(1 + logB)r−2 for all B ≥ B′.
Take C ′ := max{C ′′, C ′′′, C ′′′′}. 
6.3.4. Lattice point counting. The next proposition compares the
cardinality of the sets Ac,d(B) with the volume of Dc(B) computed above.
Proposition 6.14. Assume that r > 1. Let c ∈ Cr, d ∈ IN . Then there
are positive constants B2 and C2, both independent of d and of B, such that∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤ C2 N(d)−1B(1+logB)r−2 min{N(d), 1+logB}.
for all B ≥ B2.
Proof. If N(d) > B, then #Ac,d(B) = 0 by Proposition 6.5. By Propo-
sition 6.9 there are positive constants B′ and C ′, both independent of d and
of B, such that
∫
Dc(B)
dc,dx ≤ C ′N(d)−1B(logB)r−1 for all B ≥ B′.
Assume now that N(d) ≤ B. For every ρ ∈ Σ(1), let vρ,1, . . . , vρ,6 ∈
dρc
Dρ that satisfy Lemma 6.10, and let vρ,7 := vρ,1. Let I := {1, . . . , 6}Σ(1).
For every i ∈ I, let Di := Dc(B)∩
⊕
ρ∈Σ(1)(R≥0vρ,iρ+R≥0vρ,iρ+1). Then,∫
Dc(B)
dc,dx =
∑
i∈I
∫
Di
dc,dx. (6.17)
Recall that Ac,d(B) = Dc(B) ∩
⊕
ρ∈Σ(1) dρc
Dρ . Fix i ∈ I. Let Ai :=
Ac,d(B) ∩Di. Since
⋃
i∈I Di = Dc(B), we can compute #Ac,d(B) using the
inclusion-exclusion principle. For every i, i′ ∈ I, i 6= i′, there exists ρ ∈ Σ(1)
and j ∈ {i, i′} such that Ai ∩Ai′ ⊆ Lj,ρ(B), where
Lj,ρ(B) := (Z≥0vρ,jρ+1 ⊕
⊕
ρ′∈Σ(1)r{ρ}
(Z≥0vρ′,jρ′ + Z≥0vρ′,jρ′+1)) ∩Dc(B).
Then ∣∣∣∣∣∣#Ac,d(B)−
∑
i∈I
#Ai
∣∣∣∣∣∣ ≤ 2#I maxi∈I,ρ∈Σ(1) #Li,ρ(B), (6.18)
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and∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤ 2#I maxi∈I,ρ∈Σ(1) #Li,ρ(B)+∑
i∈I
∣∣∣∣∣#Ai −
∫
Di
dc,dx
∣∣∣∣∣ .
Fix i ∈ I. We compare #Ai with the volume of Di by counting the
number of translated fundamental domains
Fi :=
⊕
ρ∈Σ(1)
([0, 1)vρ,iρ + [0, 1)vρ,iρ+1)
of
⊕
ρ∈Σ(1) dρc
Dρ contained in Di and those that intersect the boundary
D˜i := {x ∈ Di : h(x) = N(c−K)B}.
Let x be an element of
Li :=
⊕
ρ∈Σ(1)
(Z≥0vρ,iρ + Z≥0vρ,iρ+1).
By Lemma 6.11,
|xρ|∞ ≤ |xρ + x′ρ|∞ < |xρ + vρ,iρ + vρ,iρ+1|∞
for all ρ ∈ Σ(1) and all x′ ∈ Fi. Let γi := (vρ,iρ + vρ,iρ+1)ρ∈Σ(1). Then
h(x) ≤ h(x+ x′) < h(x+ γi) (6.19)
for all x′ ∈ Fi. Hence, x+ Fi intersects D˜i if and only if
h(x) ≤ N(c−K)B < h(x+ γi).
Let
Ii := {x ∈ Ai : x+ Fi ⊆ Di},
Si(B) := {x ∈ Ai : h(x+ γi) > N(c−K)B}.
Then #Ai = #Ii + #Si(B) and
∫
Di
dc,dx ≥ #Ii.
Write
∫
Di
dc,dx =
∫
D′i
dc,dx+
∫
DirD′i
dc,dx with
D′i := Di ∩ {x ∈ CN : |xρ|∞ ≥ N(dρcDρ), ∀ρ ∈ Σ(1)}.
Then∫
DirD′i
dc,dx ≤
∫
{x∈CN :|xρ|∞≤N(dρcDρ ), ∀ρ∈Σ(1)}
dc,dx ≤ (2pi|∆k|−1/2)N∫
D′i
dc,dx ≤ #{x ∈ Li : (x+ Fi) ∩D′i 6= ∅}.
Let x ∈ Li such that (x + Fi) ∩ D′i 6= ∅. Then h(x) ≤ N(c−K)B by
(6.19). If x /∈ Ai, then there exists ρ˜ ∈ Σ(1) such that xρ˜ = 0. Let z ∈ Li be
defined by zρ := vρ,iρ+1 for all ρ ∈ Σ(1). Then |zρ|∞ ≤ 16pi−2|∆k|N(dρcDρ)
for all ρ ∈ Σ(1) by Lemma 6.10. Let y ∈ (x + Fi) ∩ D′i. For all ρ ∈ Σ(1),
then |xρ|∞ ≤ |yρ|∞ by Lemma 6.11, and |yρ|∞ ≥ N(dρcDρ) since y ∈ D′i.
Hence
|xρ + zρ|∞ ≤ 2(|xρ|∞ + |zρ|∞) ≤ 2(|yρ|∞ + 16pi−2|∆k|N(dρcDρ)) ≤
≤ 2(1 + 16pi−2|∆k|)|yρ|∞
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Then x+z ∈ Li,ρ˜(CB), where C := (2(1+16pi−2|∆k|))maxσ∈Σmax
∑
ρ∈Σ(1) ασ,ρ ,
and ∫
D′i
dc,dx ≤ #Ai +
∑
ρ∈Σ(1)
#Li,ρ(CB).
For every ρ ∈ Σ(1) and every x ∈ Li,ρ(B) there exists an integer m ≥ 0
such that x+mvρ,iρ ∈ Si(B). Hence, #Li,ρ(B) ≤ #Si(B).
Thus,∫
Di
dc,dx ≤ #Ii + (2pi|∆k|−1/2)N + #Si(B) +N#Si(CB),
and∣∣∣∣∣#Ai −
∫
Di
dc,dx
∣∣∣∣∣ ≤ (2pi|∆k|−1/2)N + (N + 2) max{#Si(B),#Si(CB)},
and∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤
≤ #I(2pi|∆k|−1/2)N + (2#I + #I(N + 2)) max
i∈I
{#Si(B),#Si(CB)}.
It remains to estimate maxi∈I{#Si(B),#Si(CB)}. Let i ∈ I. For every
x ∈ Si(B), there exists γ ∈
⊕
ρ∈Σ(1){0, vρ,iρ + vρ,iρ+1} and ρ˜ ∈ Σ(1) such
that x+ γ ∈ δc,d,ρ˜(Fi;B). Hence, #Si(B) ≤ 2N
∑
ρ˜∈Σ(1) #δc,d,ρ˜(Fi;B).
By Proposition 6.13 there exist constants B′′ ≥ 1 and C ′′ ≥ piN , both
independent of d and B, such that
#δc,d,ρ˜(Fi;B) ≤ C ′′N(d)−1B(1 + logB)r−2 min{N(d), 1 + logB}
for all B ≥ B′′, all ρ˜ ∈ Σ(1) and all i ∈ I. Since C ≥ 1,
max
i∈I
{#Si(B),#Si(CB)} ≤
≤ N2NC ′′N(d)−1CB(1 + log(CB))r−2 min{N(d), 1 + log(CB)}
for all B ≥ B′′. Take B2 := max{B′, B′′} and
C2 := max{C ′, (2#I + #I(N + 2))N2N+1C ′′C(1 + logC)r−1}. 
Proof of Theorem 6.1. For r = 1 see [Sch79]. For r > 1, Proposi-
tion 6.6 gives
NT,H,k(B) =
1
wrk
∑
c∈Cr
#Cc(B).
Let C2 and B2 be the constants in Proposition 6.14. For all B ≥ B2,
Proposition 6.7, (6.7), Proposition 6.14 and Proposition 6.4 (ii) and (iii)
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give∣∣∣∣∣#Cc(B)− κ
∫
Dc(B)
dc,ox
∣∣∣∣∣ ≤ ∑
d∈IN
|µ(d)|
∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤
≤ C2B(1 + logB)r−2
 ∑
d∈IN
N(d)≤1+logB
|µ(d)|+ (1 + logB)
∑
d∈IN
N(d)>1+logB
|µ(d)|
N(d)

= O(B(1 + logB)r−2+1/f+ε)
for all ε > 0. Apply Proposition 6.9 with d = o. 
6.4. Compatibility with Peyre’s conjecture
We conclude this chapter by showing that the leading constant CX,H,k
in Theorem 6.1 satisfies Peyre’s conjecture [Pey95, Conjecture 2.3.1].
We denote by Ak the ring of adeles of k. Let X(Ak)
0 be the inverse
image of 0 under the map
X(Ak)→ HomZ(H2e´t(X,Gm)/H2e´t(k,Gm),Q/Z)
in [Sal98, Proposition 6.7], and let X(k) be the closure of the diagonal
embedding of X(k) in X(Ak). Since X satisfies weak approximation by
[Sko01, Theorem 5.1.2], the two inclusions
X(k) ⊆ X(Ak)0 ⊆ X(Ak)
are equalities. We recall that since X is split there is just one class of
universal torsors over X. By [Sal98, Remarks 6.13, 7.8], Peyre’s conjecture
for X coincides then with [Sal98, Conjectures 7.12]:
CX,H,k = α(X)τ(X, ‖‖X), (6.20)
where α(X) is the constant defined in [Pey95, §2] (cf. [Sal98, §7]), and
by [Sal98, Theorem 6.19], τ(X, ‖‖X) is the Tamagawa number defined in
[Sal98, Definition 6.18] associated to the class of the universal torsor pi :
Y → X and to the adelic norm ‖‖X for X that defines H (cf. [Sal98,
(10.4)]).
We recall that Ωf denotes the set of finite places of k. For all ν ∈ Ωf ,
let Oν be the ring of integers of kν . Since the model Y →X is defined over
Ok, [Sal98, Proposition 9.14(a)] and [Sal98, Proposition 5.20(c)]
1 give the
following expression for τ(X, ‖‖X)
Θ
1
(T 1NS(Ak)/TNS(k))m∞(X∞(Ak)
0 ∩ pi(Y (C)))
∏
ν∈Ωf
nν(Y (Oν)),
1cf. [Sal98, (5.21)].
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where TNS ∼= Grm,k is the Neron Severi torus of X, that is, the torus dual to
the geometric Picard group of X; T 1NS(Ak) is the kernel of the homomor-
phism
TNS(Ak)→ Hom(Pic(X),R) ∼= Rr, (xi,ν)1≤i≤r
ν∈Ω∞
7→
log ∏
ν∈Ωk
|xi,ν |ν

1≤i≤r
(6.21)
(cf. [Sal98, (5.18)]); Θ
1
is the Haar measure on T 1NS(Ak)/TNS(k) induced
by the Haar measure Θ∞ on TNS(Ak) under the bijection established in
[Sal98, p. 167], where Θ∞ is determined by the adelic order norm in [Sal98,
Remarks 5.9(b)] and by the convergence factors β∞ = 1, βν = Lν(1, TNS)
for ν ∈ Ωf defined in the proof of [Sal98, Lemma 5.16]; m∞ is the Borel
measure on X(C) defined by the adelic norm ‖‖X ; X∞(Ak)0 is the compact
open subset of X(C) such that X(Ak)0 = X∞(Ak)0×
∏
ν∈Ωf X (Oν), where
X(Ak)
0 is defined in [Sal98, Notation 6.8]; nν is the Borel measure on Y (kν)
defined by the ν-adic norm ‖‖X→Y of [Sal98, Theorem 5.17].
We are ready to show that the constant (6.1) in Theorem 6.1 satisfies
(6.20).
Proposition 6.15. With the notation above
(i) Θ
1
(T 1NS(Ak)/TNS(k)) = (2pihkw
−1
k )
r;
(ii) m∞(X∞(Ak)0 ∩ pi(Y (C))) = (2pi)N−r#Σmax;
(iii)
∏
ν∈Ωf nν(Y (Oν)) = κ|∆k|−N/2.
Proof. We first prove (i). According to [Sal98, p. 167], T (k) is en-
dowed with the counting measure, and TNS(Ak)/T
1
NS(Ak) is endowed with
the Haar measure pullback of the usual Lebesgue measure on Rr under the
isomorphism induced by (6.21). By [Sal98, 3.28–3.30] and [Sal98, Theorem
4.14],
Θ∞ =
∏
ν∈Ωk
βνων
where ων are the local Haar measures on TNS(kν) canonically induced by an
invariant differential form of degree r on TNS as in [Wei82, §2.2] (cf. the lines
before Theorem 4.14 in [Sal98]). By [Sal98, Lemma 5.16] the convergence
factors βν coincide with the canonical correcting factors for TNS defined in
[Ono61, §3.3]. Then,
Θ
1
(T 1NS(Ak)/TNS(k)) = c(Θ∞; T̂NS) = |∆k|r/2γ(TNS ; k/k)
by [Ono61, (3.2.1)], where c(Θ∞; T̂NS) and γ(TNS ; k/k) are the numbers
defined in [Ono61, §3.2] and [Ono61, §3.5] respectively. We recall that
TNS ∼= Grm,k is a split torus. Therefore, denoting by ζk the Dedekind zeta
function of k,
γ(TNS ; k/k) = γ(Gm,k; k/k)r =
(
lim
s→1
(s− 1)ζk(s)
)r
= (|∆k|−1/22pihkw−1k )r
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by [Ono61, Proposition 3.5.1, Theorem 3.5.1] and [Wei67, Corollary to
Theorem VII.6.3].
To prove (ii), we recall that X(Ak)
0 = X(Ak), and that X(Ak) =
X(C)×∏ν∈Ωf X (Oν) as X is proper. Hence, X∞(Ak)0 = X(C). Moreover,
pi(Y (C)) = X(C) by [CTS87, (2.7.2)], and m∞(X(C)) = (2pi)N−r#Σmax
by [Sal98, Proposition 9.16].
We now prove (iii). Let ν ∈ Ωf and denote by p the corresponding prime
ideal of Ok. By [Sal98, Corollary 2.15, Proposition 9.14],
nν(Y (Oν)) = #Y (Fp)
(
µν(Oν)
#Fp
)N
where µν is the Haar measure on the additive locally compact group kν
normalized such that µν(Oν)µν(ODν ) = 1. Here O
D
ν is the inverse different
of Oν .
For x ∈ FNp , let xOk := (x′1Ok, . . . , x′NOk) where (x′1, . . . , x′N ) ∈ ONk
is a representative of the class x ∈ (Ok/p)N . Then, with the notation of
Subsection 6.2.1,
#Y (Fp) =
∑
x∈FNp
χ((xOk)p) =
∑
x∈FNp
∑
d,p
µ(d)χd(xOk) =
∑
d,p
µ(d)
∑
x∈FNp
χd(xOk)
Since µ((peρ)ρ∈Σ(1)) = 0 for all N -tuples of non-negative integers (eρ)ρ∈Σ(1)
such that eρ ≥ 2 for some ρ ∈ Σ(1), we can replace
∑
d,p by the sum
∑′
d
running through the set of d = (peρ)ρ∈Σ(1) with eρ ∈ {0, 1} for all ρ ∈ Σ(1).
Let i ∈ {1, . . . , N}. If di = Ok, then di | x′iOk for all x ∈ FNp . If di = p,
then di | x′iOk if and only if xi = 0 in Fp. Hence, given d = (peρ)ρ∈Σ(1) with
eρ ∈ {0, 1}, ∑
x∈FNp
χd(xOk) = #F
{ρ∈Σ(1):eρ=0}
p = #FNp N(d)−1.
Then,
nν(Y (Oν)) = µν(Oν)
N
∑
d,p
µ(d)
N(d)
.
Moreover,
∏
ν∈Ωf µν(Oν) = |∆k|−1/2 because of the normalization of the
measures µν , and κ =
∏
p
∑
d,p
µ(d)
N(d) by (6.7). 
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